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1. Introdu
tionEquilibrium models of dynami
 
ompetitive e
onomies extending over in�nitetime play an important role in 
ontemporary e
onomi
 theory. The basi
 solu-tion 
on
ept for su
h models is the Arrow-Debreu (or Walrasian) equilibrium. InArrow-Debreu equilibrium it is assumed that agents simultaneously trade arbitrary
onsumption plans for the entire in�nite and state-
ontingent future. In appliedwork, on the other hand, a di�erent market stru
ture and equilibrium 
on
eptare used: instead of trading arbitrary 
onsumption plans at a single date, agentstrade se
urities in sequential markets at every date in every event. The importan
eof Arrow-Debreu equilibrium rests on the possibility of implementing equilibriumallo
ations by trading suitable se
urities in sequential markets.The idea of implementing an Arrow-Debreu equilibrium allo
ation by trad-ing se
urities takes its origin in the 
lassi
al paper by Arrow [3℄. Arrow provedthat every Arrow-Debreu equilibrium allo
ation in a two-date e
onomy 
an beimplemented by trading in 
omplete se
urity markets at the �rst date and spot
ommodity markets at every date in every event. The implementation is exa
t|the sets of equilibrium allo
ations in the two market stru
tures are exa
tly thesame. Arrow's result 
an be easily extended to a multidate e
onomy with �nitetime-horizon. DuÆe and Huang [7℄ proved that Arrow-Debreu equilibria 
an beimplemented by trading se
urities in 
ontinuous-time �nite-horizon e
onomy.In this paper we study implementation of Arrow-Debreu equilibrium allo
ationsby sequential trading of in�nitely-lived se
urities in an in�nite-time e
onomy. Ourresults extend those of Kandori [11℄, from the setting of a representative 
onsumer,and our previous results (Huang and Werner [10℄), from the setting of no un
er-tainty and a single se
urity, to the general setting of multiple 
onsumers, multiplese
urities, and un
ertainty. Wright [20℄ studied implementation in in�nite-timee
onomies with one-period-lived se
urities.The 
ru
ial aspe
t of implementation in in�nite-time se
urity markets is the
hoi
e of feasibility 
onstraints on agents' portfolio strategies. A feasibility 
on-3



straint has to be imposed for otherwise agents would be able to borrow in se
uritymarkets and roll over the debt without ever repaying it (Ponzi s
heme). However,the 
onstraint 
annot be too \tight" for it 
ould prevent agents from using port-folio strategies that generate wealth transfers ne
essary to a
hieve 
onsumptionplans of an Arrow-Debreu equilibrium. Wright [20℄ employs the wealth 
onstraintwhi
h says that a 
onsumer 
annot borrow more than the present value of herfuture endowments. He proved that exa
t implementation holds with one-period-lived se
urities|the set of Arrow-Debreu equilibrium allo
ations and the set ofequilibrium allo
ations in 
omplete sequential markets are the same.The diÆ
ulty in extending implementation results to in�nitely-lived se
uritieslies in the possibility of pri
e bubbles in sequential markets. Ko
herlakota [12℄,Magill and Quinzii [15℄, and Huang and Werner [10℄ pointed out that the wealth
onstraint gives rise to sequential equilibria with pri
e bubbles on se
urities thatare in zero supply. We prove that Arrow-Debreu equilibria with 
ountably addi-tive pri
es 
an be implemented by trading in�nitely-lived se
urities in 
ompletesequential markets under the wealth 
onstraint with no pri
e bubbles. That is,the set of Arrow-Debreu equilibrium allo
ations is the same as the set of equilib-rium allo
ations in sequential markets with no pri
e bubbles. Further, we showthat sequential equilibria with nonzero pri
e bubbles 
orrespond to Arrow-Debreuequilibria with transfers (and with 
ountably additive pri
es). Transfers are equalto the value of pri
e bubbles on agents' initial portfolio holdings.Our results imply that there are always sequential equilibria with pri
e bubblesunder the wealth 
onstraint if some of the se
urities are in zero supply. This
ontradi
t the often asserted 
laim that pri
e bubbles 
annot arise when agentsare in�nitely lived (see, for example, Blan
hard and Fis
her [5℄ who attributethe 
laim to Tirole [19℄). It is also in 
ontrast to re
ent results of Montru

ioand Privileggi [16℄ who show that pri
e bubbles are a \marginal phenomenon" inrepresentative agent e
onomies. Of 
ourse, examples of equilibrium pri
e bubbleshave been known before, but our results demonstrate their general existen
e withzero supply. We also demonstrate that, if one does not ex
lude negative se
urity4



pri
es, then there exist sequential equilibria with pri
e bubbles under the wealth
onstraint even if the supply of se
urities is stri
tly positive. Santos and Woodford[18℄ proved that pri
e bubbles 
annot exist when all se
urities are in stri
tly positivesupply and pri
es are positive.We 
onsider an alternative portfolio feasibility 
onstraint whi
h requires thatthe value of borrowing at normalized se
urity pri
es be bounded from below.We 
all portfolio strategies satisfying this 
onstraint essentially bounded portfo-lio strategies. This feasibility 
onstraint has a remarkable property that there
annot be pri
e bubbles in sequential equilibrium regardless of the supply of these
urities. We prove that exa
t implementation of Arrow-Debreu equilibria with
ountably additive pri
es (without transfers) holds with essentially bounded port-folio strategies.It should be emphasized that the 
on
ept of Arrow-Debreu equilibrium underly-ing our implementation results is the one due to Peleg and Yaari [17℄. Equilibriumpri
es assign �nite values to 
onsumption plans that are positive and do not ex
eedthe aggregate endowment, but may or may not assign �nite values to other 
on-sumption plans. The Peleg and Yaari approa
h should be 
ontrasted with a morestandard approa
h, �rst proposed by Debreu [6℄, where the 
onsumption spa
eand the pri
e spa
e are a topologi
al dual pair, and equilibrium pri
es assign �nitevalues to all 
onsumption plans in the 
onsumption spa
e. Further, equilibriumpri
es in implementable Arrow-Debreu equilibria must be 
ountably additive. Ithas been known sin
e Bewley [4℄ that for some 
lass of e
onomies Arrow-Debreuequilibrium pri
es may not be 
ountably additive (for an example, see Huang andWerner [10℄). Our results indi
ate that those equilibria 
annot be implemented bysequential trading.The paper is organized as follows: In se
tion 2 we provide spe
i�
ation of timeand un
ertainty. In se
tion 3 we introdu
e the notion of Arrow-Debreu equilibriumand in se
tion 4 we de�ne a sequential equilibrium in se
urity markets. In se
tions5 and 6 we state and prove our basi
 implementation results. In se
tion 7 wepresent an example that illustrates our results. Se
tion 8 
ontains more dis
ussion5



of our results and some remarks on alternative portfolio 
onstraints.2. Time and Un
ertaintyTime is dis
rete with in�nite horizon and indexed by t = 0; 1 : : : . Un
ertaintyis des
ribed by a set S of states of the world and an in
reasing sequen
e of �nitepartitions fFtg1t=0 of S. A state s 2 S spe
i�es a 
omplete history of the environ-ment from date 0 to the in�nite future. The partition Ft spe
i�es sets of statesthat 
an be veri�ed by the information available at date t. We take F0 to be thetrivial partition. An element st 2 Ft is 
alled a date-t event.This des
ription of the un
ertain environment 
an be interpreted as an eventtree. Ea
h event st is a node of the event tree. The unique date 0 event s0 is theroot node. The unique prede
essor of st for t � 1 is date-(t� 1) event st� 2 Ft�1su
h that st � st�. Immediate su

essors of st are all date-(t + 1) events st+1su
h that st+1 2 Ft+1 and st+1 � st. The set and the number of immediatesu

essors of st are denoted by Ft+1(st) and �(st); respe
tively. We assume thatsupst2E �(st) <1, and denote that supremum by K.The set of all date-� su

essor events of st for � > t, that is all date-� eventss� 2 F� with s� � st, is denoted by F� (st). The set of su

essor events of st at alldates after t is denoted by E+(st). We also write E(st) � fstg [ E+(st). The set ofall events at all dates is denoted by E :3. Arrow-Debreu EquilibriumThere is a single 
onsumption good. A 
onsumption plan is a s
alar-valuedpro
ess adapted to fFtg1t=0. Consumption plans are restri
ted to lie in a linearspa
e C of adapted pro
esses. Our primary 
hoi
e of the 
onsumption spa
e C isthe spa
e of all adapted pro
esses (whi
h 
an be identi�ed with R1). The 
oneof nonnegative pro
esses in C is denoted by C+; a typi
al element of C is denotedby 
 = f
(st)gst2E . 6



There are I 
onsumers. Ea
h 
onsumer i has the 
onsumption set C+, a stri
tlyin
reasing and 
omplete preferen
e �i on C+, and an initial endowment !i 2 C+.The aggregate endowment �! �Pi !i is assumed positive, that is, �! � 0.The standard notion of an Arrow-Debreu general equilibrium is extended to oursetting with in�nitely many dates as follows: Pri
es are des
ribed by linear fun
-tional P whi
h is positive and well-de�ned (i.e., �nite valued) on ea
h 
onsumer'sinitial endowment. We 
all su
h fun
tional a pri
ing fun
tional. It follows thata pri
ing fun
tional is well-de�ned on the aggregate endowment �! and, sin
e it ispositive, also on ea
h attainable 
onsumption plan, that is, on ea
h 
 satisfying0 � 
 � �!. It may or may not be well-de�ned on the entire spa
e C.The pri
e of one unit 
onsumption in event st under pri
ing fun
tional P isp(st) � P (e(st)), where e(st) denotes the 
onsumption plan equal to 1 in event stat date t and zero in all other events and all other dates. A pri
ing fun
tional Pis 
ountably additive if and only if P (
) =PE p(st)
(st) for every 
 for whi
h P (
)is well-de�ned.An Arrow-Debreu equilibrium is a pri
ing fun
tional P and a 
onsumptionallo
ation f
igIi=1 su
h that 
i maximizes 
onsumer i's preferen
e �i subje
t toP (
) � P (!i) and 
 2 C+, and markets 
lear, that is Pi 
i = Pi !i. An equilib-rium pri
ing fun
tional is normalized so that p(s0) = 1.This 
on
ept of Arrow-Debreu equilibrium is due to Peleg and Yaari [17℄ whoalso provide suÆ
ient 
onditions for the existen
e of an equilibrium with 
ountablyadditive pri
ing fun
tional when the 
onsumption spa
e is C = R1. The 
ondi-tions are the standard monotoni
ity and 
onvexity of preferen
es, as well as 
on-tinuity of preferen
es in the produ
t topology. Aliprantis, Brown and Burkinshaw[1, 2℄ provide an analysis of Peleg-Yaari equilibria in more general 
onsumptionspa
es.We will also need the notion of an equilibriumwith transfers. For given transfersf�igIi=1, where �i 2 R andPi �i = 0, a pri
ing fun
tional P (with p(s0) = 1) and a
onsumption allo
ation f
igIi=1 are an Arrow-Debreu equilibrium with transfers if 
imaximizes 
onsumer i's preferen
e �i subje
t to P (
) � P (!i)+�i and 
 2 C+, and7



markets 
lear. Peleg and Yaari [17℄ 
onditions also imply that an Arrow-Debreuequilibrium with transfers exists for small transfers.4. Sequential Equilibrium and Pri
e BubblesWe 
onsider J in�nitely-lived se
urities traded at every date. We assume thatthe number of se
urities is greater than or equal to the number of immediatesu

essors of every event, that is, J � K. Ea
h se
urity j is spe
i�ed by a dividendpro
ess dj whi
h is adapted to fFtg1t=0 and nonnegative. The ex-dividend pri
e ofse
urity j in event st is denoted by qj(st), and qj is the pri
e pro
ess of se
urityj. Portfolio strategy � spe
i�es a portfolio of J se
urities �(st) held after trade inea
h event st. The payo� of portfolio strategy � in event st for t � 1 at a pri
epro
ess q is z(q; �)(st) � [q(st) + d(st)℄�(st�)� q(st)�(st): (1)Ea
h 
onsumer i has an initial portfolio �i 2 RJ at date 0. The dividendstream �id on initial portfolio 
onstitutes one part of 
onsumer i's endowment.The rest is yi 2 C and be
omes available to the 
onsumer at ea
h date in everyevent. Thus, it holds !i(st) = yi(st) + �id(st) 8st: (2)The supply of se
urities is �� = Pi �i, and the adjusted aggregate endowment ofgoods is �y =Pi yi. We assume that �� � 0.Consumers must fa
e feasibility 
onstraints when 
hoosing their portfolio strate-gies for otherwise they would use Ponzi s
hemes. We state a de�nition of sequentialequilibrium for general sets of feasible portfolio strategies �i and introdu
e spe
i�
feasibility 
onstraints in se
tions 5 and 6.A sequential equilibrium is a pri
e pro
ess q and 
onsumption-portfolio allo
a-tion f
i; �igIi=1 su
h that:(i) for ea
h i, 
onsumption plan 
i and portfolio strategy �i maximize �i subje
t8



to 
(s0) + q(s0)�(s0) � yi(s0) + q(s0)�i;
(st) � yi(st) + z(q; �)(st) 8st 6= s0;
 2 C+; � 2 �i;(ii) markets 
lear, that isXi 
i(st) = �y(st) + ��d(st); Xi �i(st) = ��; 8stSe
urity pri
e pro
ess q is one-period arbitrage free in event st if there does notexist a portfolio �(st) su
h that [q(st+1)+d(st+1)℄�(st) � 0 for every st+1 2 Ft+1(st)and q(st)�(st) � 0, with at least one stri
t inequality.1 It is well known that if q isarbitrage free in every event, then there exist a sequen
e of stri
tly positive eventpri
es f�q(st)gst2E with �q(s0) = 1 su
h that�q(st)qj(st) = Xst+12Ft+1(st) �q(st+1) �qj(st+1) + dj(st+1)� 8st; j: (3)Se
urity markets are one-period 
omplete in event st at pri
es q if the one-period payo� matrix [q(st+1)+d(st+1)℄st+12Ft+1(st) has rank equal to �(st). Se
uritymarkets are 
omplete at q if they are one-period 
omplete at every event.Suppose that se
urity pri
es q are one-period arbitrage free and that marketsare 
omplete at q. Then the present value of se
urity j at st is de�ned using theunique event pri
es as 1�q(st) Xs�2E+(st) �q(s� )dj(s� ): (4)If the present value (4) is �nite, then the pri
e bubble �qj(st) is de�ned by�qj(st) � qj(st)� 1�q(st) Xs�2E+(st) �q(s� )dj(s� ): (5)1Note that one-period arbitrage is de�ned without any referen
e to the portfolio feasibility
onstraint. Of the two 
onstraints 
onsidered in this paper, the 
onstraint of essentially boundedstrategies (Se
tion 6) does not restri
t portfolio holdings in any single event while the wealth
onstraint (Se
tion 5) does. Yet, it remains true that there 
annot be a one-period arbitrage insequential equilibrium under the wealth 
onstraint (see Santos and Woodford [18℄).9



One 
an show using (3) that, if the pri
e of se
urity j is nonnegative in every event,then the present value (4) is �nite and does not ex
eed the pri
e of the se
urity,i.e., 0 � �qj(st) � qj(st) for every st: Also, if the present value of se
urity j is�nite and �qj(st) � 0 for every st, then qj(st) � 0 for every st: We do not ex
ludethe possibility of negative se
urity pri
es. Absen
e of one-period arbitrage doesnot imply that se
urity pri
es are nonnegative even if, as assumed, dividends arenonnegative.2 A way to ex
lude negative se
urity pri
es is to assume free disposalof se
urities (see Santos and Woodford [18℄).3For use later, we note that (3) and (5) imply that�qj(st) = 1�q(st) Xst+12Ft+1(st) �q(st+1)�qj(st+1); (6)and also that �qj(st) = limT!1 1�q(st) XsT2FT �q(sT )qj(sT ): (7)for ea
h st. 5. Implementation with the Wealth Constraint.A frequently used portfolio feasibility 
onstraint is the wealth 
onstraint. Itapplies to 
omplete se
urity markets where event pri
es 
an be uniquely de�ned.4It prohibits a 
onsumer from borrowing more than the present value of his futureendowment. Formally, portfolio strategy � satis�es the wealth 
onstraint ifq(st)�(st) � � 1�q(st) Xs�2E+(st) �q(s� )yi(s� ) 8st; (8)where �q is the event pri
e system (assumed unique) asso
iated with q. We re-fer to a sequential equilibrium in whi
h every 
onsumer's set of feasible portfoliostrategies is de�ned by (8) as a sequential equilibrium under the wealth 
onstraint.2We show later in the paper that negative se
urity pri
es are possible in sequential equilibriumunder the wealth 
onstraint but not with essentially bounded portfolio strategies.3The assumption of free disposal is prohibitively restri
tive for many se
urities. For example,futures markets would not exist if futures 
ontra
ts 
ould be freely disposed.4Santos and Woodford [18℄ extend the wealth 
onstraint to in
omplete markets.10



The main results of this se
tion establish equivalen
e between 
ountably ad-ditive Arrow-Debreu equilibria with transfers and sequential equilibria under thewealth 
onstraint with pri
e bubbles. A spe
ial 
ase of this equivalen
e is whentransfers and pri
e bubbles are zero. To ease the exposition, we present this im-portant spe
ial 
ase in two separate theorems before stating the general results.All proofs have been relegated to the Appendix.Theorem 5.1. Let 
onsumption allo
ation f
igIi=1 and pri
ing fun
tional P bean Arrow-Debreu equilibrium. If P is 
ountably additive, P (dj) < 1 for ea
h j,and se
urity markets are 
omplete at pri
es q given byqj(st) = 1p(st) Xs�2E+(st) p(s� )dj(s� ); 8st; j; (9)then there exists a portfolio allo
ation f�igIi=1 su
h that q and the allo
ation f
i; �igIi=1are a sequential equilibrium under the wealth 
onstraint.Theorem 5.1 says that an Arrow-Debreu equilibrium with 
ountably additivepri
ing 
an be implemented by sequential trading under the wealth 
onstraintprovided that se
urity markets are 
omplete at pri
es de�ned by the present valueof future dividends (and thus with no pri
e bubbles).The implementation of 
ountably additive Arrow-Debreu equilibria by sequen-tial trading with no pri
e bubbles is exa
t.Theorem 5.2 Let se
urity pri
es q and 
onsumption-portfolio allo
ation f
i; �igIi=1be a sequential equilibrium under the wealth 
onstraint. If se
urity markets are
omplete at q and pri
e bubbles are zero, i.e., �q = 0, then 
onsumption allo
ationf
igIi=1 and the pri
ing fun
tional P given byP (
) =Xst2E �q(st)
(st) (10)are an Arrow-Debreu equilibrium.Our next result extends Theorem 5.1 to Arrow-Debreu equilibria with transfersthat are proportional to initial portfolios.11



Theorem 5.3. Let 
onsumption allo
ation f
igIi=1 and pri
ing fun
tional Pbe an Arrow-Debreu equilibrium with transfers f�igIi=1 su
h that �i = �(s0)�i forsome �(s0) 2 RJ with �(s0)�� = 0. If P is 
ountably additive, P (dj) <1 for ea
hj, and se
urity markets are 
omplete at pri
es q given byqj(st) = 1p(st) Xs�2E+(st) p(s� )dj(s� ) + �j(st); 8st; j; (11)where �(st) 2 RJ satis�es �(st)�� = 0 for every st and�j(st) = 1p(st) Xst+12Ft+1(st) p(st+1)�j(st+1); 8st; j; (12)then there exists a portfolio allo
ation f�igIi=1 su
h that q and allo
ation f
i; �igIi=1are a sequential equilibrium under the wealth 
onstraint.Se
urity pri
es in Theorem 5.3 have pri
e bubbles equal to �. Transfers areequal to pri
e bubbles on initial portfolio holdings. A 
onsumer whose initialportfolio is zero must have zero transfer. If all 
onsumers have zero initial portfo-lios, then Theorem 5.3 
on
erns only Arrow-Debreu equilibrium without transfers.However, se
urity pri
es in implementing sequential equilibria have pri
e bubblesthat are 
onstrained only by (12), and may be nonzero (see Magill and Quinzii[15℄).If se
urity pri
es in sequential markets are required to be positive, then � inTheorem 5.3 has to be positive. With � positive, 
ondition �(s0)�� = 0 implies that�j(s0) = 0 for every se
urity j with ��j > 0. Then (12) implies that �j(st) = 0 forsu
h j, for every st. That is, the pri
e bubble on a se
urity with stri
tly positivesupply must be zero. This has been demonstrated by Santos and Woodford [18℄.If all se
urities are in stri
tly positive supply, then only Arrow-Debreu equilibriawithout transfers 
an be implemented in sequential markets with positive pri
es.The implementation of 
ountably additive Arrow-Debreu equilibria with trans-fers is exa
t. 12



Theorem 5.4. Let se
urity pri
es q and 
onsumption-portfolio allo
ationf
i; �igIi=1 be a sequential equilibrium under the wealth 
onstraint. If se
urity mar-kets are 
omplete at q and Pst2E �q(st)dj(st) < 1 for ea
h j, then 
onsumptionallo
ation f
igIi=1 and the pri
ing fun
tional P given byP (
) =Xst2E �q(st)
(st) (13)are an Arrow-Debreu equilibrium with transfers f�q(s0)�igIi=1. It holds �q(s0)�� =0. 6. Implementation with Essentially Bounded Portfolios.We introdu
e in this se
tion a portfolio feasibility 
onstraint under whi
h nei-ther pri
e bubbles nor negative se
urity pri
es 
an arise in sequential equilibrium,and Arrow-Debreu equilibria without transfers 
an be implemented in sequentialmarkets. The two important features of this portfolio feasibility 
onstraint are:�rst, that 
onstant (i.e., with no retrading) portfolio strategies are feasible regard-less of se
urity pri
es, and se
ond, that (under additional 
onditions on agents'endowments) the set of budget feasible 
onsumption plans in 
omplete markets atse
urity pri
es with zero bubbles is the same as under the wealth 
onstraint. The�rst feature is 
ru
ial for eliminating the possibility of pri
e bubbles or negativese
urity pri
es.We say that portfolio strategy � is bounded from below ifinfst;j �j(st) > �1 (14)Portfolio strategy � is essentially bounded from below at q if there exists a boundedfrom below portfolio strategy b su
h thatq(st)�(st) � q(st)b(st) 8st: (15)We refer to a (essentially) bounded from below portfolio strategies simply as (es-sentially) bounded portfolio strategy. Of 
ourse, every bounded portfolio strategy13



is essentially bounded but the 
onverse is not true (unless there is a single se
urity5). The set of essentially bounded portfolio strategies is a 
onvex 
one.If se
urity pri
e ve
tor q(st) is positive and nonzero for every event st, thenportfolio strategy � is essentially bounded if and only ifinfst �q(st)�(st) > �1; (16)where �q(st) � q(st)=Pj qj(st) is the normalized se
urity pri
e ve
tor.6We refer to sequential equilibrium in whi
h ea
h 
onsumer's set of feasibleportfolios is the set of essentially bounded portfolio strategies (15) as a sequentialequilibrium with essentially bounded portfolios.Theorem 6.1. If q is a sequential equilibrium pri
e pro
ess with essentiallybounded portfolios and if se
urity markets are 
omplete at q, then q(st) � 0 and�q(st) = 0 for every st.That the pri
e of ea
h se
urity has to be positive follows from the fa
t thata portfolio strategy of buying the se
urity and holding it forever is bounded andtherefore essentially bounded. If the pri
e were negative, then a 
onsumer 
ouldbuy and hold the se
urity (and do so at an arbitrary s
ale) and make an arbitragepro�t. This is in
ompatible with an equilibrium. A detailed proof of this and therest of Theorem 6.1 (as well as all other proofs for this se
tion) 
an be found inthe Appendix.The following two theorems demonstrate that 
ountably additive Arrow-Debreuequilibria (without transfers) 
an be implemented by sequential trading with es-sentially bounded portfolios in exa
t fashion.Theorem 6.2. Let 
onsumption allo
ation f
igIi=1 and pri
ing fun
tional P bean Arrow-Debreu equilibrium. If P is 
ountably additive, P (dj) < 1 for ea
h j,5If there is a single se
urity, (15) and (14) are equivalent, and in that sense the results of thisse
tion extend Theorem 9.1 in Huang and Werner [10℄.6If � satis�es (15) and q � 0, then q(st)�(st) � [Pj qj(st)℄b, where b = infst;j bj(st). Hen
e�q(st)�(st) is bounded below. Conversely, if � satis�es (16), then �q(st)�(st) � B for some B 2 R.With bj(st) = B for ea
h j and st, � satis�es (15).14



se
urity markets are 
omplete at pri
es q given byqj(st) = 1p(st) Xs�2E+(st) p(s� )dj(s� ); 8st; j; (17)and there exists an essentially bounded portfolio strategy � su
h that� 1p(st) Xs�2E+(st) p(s� )�y(st) � q(st)�(st); 8st; (18)then there exists a portfolio allo
ation f�igIi=1 su
h that q and the allo
ation f
i; �igIi=1are a sequential equilibrium with essentially bounded portfolios.Theorem 6.3. Let se
urity pri
es q and 
onsumption-portfolio allo
ationf
i; �igIi=1 be a sequential equilibrium with essentially bounded portfolios. If se-
urity markets are 
omplete at q and there exists an essentially bounded portfoliostrategy � su
h that� 1�q(st) Xs�2E+(st) �q(s� )�y(st) � q(st)�(st); 8st; (19)then 
onsumption allo
ation f
igIi=1 and pri
ing fun
tional P given byP (
) =Xst2E �q(st)
(st) (20)are an Arrow-Debreu equilibrium.Conditions (18) and (19) say that it is feasible to borrow an amount greater thanor equal to the present value of aggregate future endowment using an essentiallybounded portfolio strategy. Equivalently, it is feasible for ea
h 
onsumer to borrowthe present value of his endowment using an essentially bounded portfolio strategy.This implies that the set of all essentially bounded portfolio strategies in
ludes allstrategies satisfying the wealth 
onstraint. One 
an show that for (19) or (18)to hold it is suÆ
ient that there exists a bounded from above and from belowportfolio strategy b su
h that �y(st) � z(q; b)(st) for all st. For this latter 
ondition,it is suÆ
ient that �y is bounded relative to d, that is, that �y(st) � 
d(st) for somes
ale ve
tor 
 2 RJ , for all st. 15



7. Example.We 
onsider an in�nite-time binomial event-tree. Event st at date t has twoimmediate su

essors (st; up) and (st; down) at date t + 1. Probabilities of eventsare spe
i�ed by 
onditional probabilities �(upjst) = �(downjst) = 12 :There are two 
onsumers with expe
ted utility fun
tionsui(
) = 1Xt=0 �tE[ln(
t)℄; (21)for i = 1; 2, where expe
tation is taken with respe
t to �, and 0 < � < 1. Theirendowments are !1(st; up) = A; !1(st; down) = B; (22)and !2(st; up) = B; !2(st; down) = A; (23)for ea
h st with t � 0; and !1(s0) = !2(s0) = A +B2 : (24)The aggregate endowment is A +B { risk-free, and 
onstant over time.The unique Arrow-Debreu equilibrium 
onsists of allo
ation f
1; 
2g given by
1(st) = 
2(st) = A+B2 ; 8st; (25)supported by a 
ountably additive pri
ing fun
tional P given byp(st) = �t�(st): (26)Next, we 
onsider se
urity markets with two in�nitely-lived se
urities. Se
urity1 has risk-free dividends given byd1(st) = 1 8st; t � 1: (27)16



Se
urity 2 has state-dependent dividends given byd2(st; up) = u; d2(st; down) = d; (28)for ea
h st with t � 0: We assume that u > d. Initial portfolios are �1 = (1; 1) and�2 = (�1; 0). Adjusted goods endowments are y1 = !1�d1�d2 and y2 = !2+d1.Theorem 5.1 says that the Arrow-Debreu equilibrium 
onsumption allo
ation(25) 
an be implemented as a sequential equilibrium under the wealth 
onstraint.Equilibrium se
urity pri
es obtain from (9) and areq1(st) = 1X�=1 �� = �1� � (29)and q2(st) = u+ d2 1X�=1 �� = u+ d2 �1� � ; (30)for every st. At these pri
es se
urity markets are 
omplete. Further, there are nopri
e bubbles.For small enough transfers �1; �2 (with �1 + �2 = 0), there is an Arrow-Debreuequilibrium with transfers. It 
onsists of 
onsumption allo
ation~
1(st) = A+B2 + �1(1� �); 8st; (31)and ~
2(st) = A+B2 + �2(1� �); 8st; (32)supported by the 
ountably additive pri
ing fun
tional P given by (26).Theorem 5.3 implies that 
onsumption allo
ation (31 - 32) of the Arrow-Debreuequilibrium with transfers 
an be implemented as a sequential equilibrium underthe wealth 
onstraint, provided that transfers are proportional to initial portfolios.Transfers �1 and �2 have to satisfy �1 = �(s0)�1 and �2 = �(s0)�2 for some �(s0) =(�1(s0); �2(s0)) 2 R2 with �(s0)�� = 0. Sin
e �� = (0; 1), this implies �2(s0) = 0,�1 = �1(s0) and �2 = ��1(s0), with no restri
tion on �1(s0), and therefore no17



restri
tion (beyond �1+�2 = 0) on transfers. Thus every Arrow-Debreu equilibriumwith transfers 
an be implemented.Equilibrium se
urity pri
es 
an be obtained from (11). They are~q1(st) = 1X�=1 �� + �1(st) = �1� � + �1(st); (33)and ~q2(st) = u+ d2 1X�=1 �� + �2(st) = u+ d2 �1� � + �2(st); (34)where �(st) = (�1(st); �2(st)) is 
hosen for ea
h st so as to satisfy�(s0) = (�1; 0) (35)�(st) = �[12�(st; up) + 12�(st; down)℄: (36)Further, the sequen
e of pri
e bubbles � has to be sele
ted so that se
urity marketsare 
omplete at pri
es ~q. Markets are 
omplete whenever the one-period 2-by-2payo� matrix [~q(st+1)+ d(st+1)℄st+12Ft+1(st) has full rank for every st. If we restri
tpri
e bubbles to be positive, then ne
essarily �2(st) = 0 for every st so that there
an be positive pri
e bubbles only on zero-supply se
urity 1. We re
all that negativepri
e bubbles lead eventually to negative se
urity pri
es in some events.The results of Se
tion 6 imply that only the Arrow-Debreu equilibrium allo
a-tion (25) 
an be implemented as sequential equilibrium with essentially boundedportfolios. Equilibrium se
urity pri
es are those of (29 - 30). Arrow-Debreu equi-librium allo
ations with transfers (31 - 32) 
annot be implemented. In parti
ular,se
urity pri
es (33 - 34) are not equilibrium pri
es with essentially bounded port-folios sin
e they permit arbitrage opportunities (see Theorem 6.1).8. Con
luding Remarks.Sin
e Arrow-Debreu equilibria with or without transfers are Pareto optimal,the results of Se
tions 5 and 6 imply that sequential equilibria in 
omplete se
urity18



markets under the two portfolio 
onstraints are Pareto optimal. Also, existen
eresults of Arrow-Debreu equilibria with 
ountably additive pri
ing { see Se
tion3 { 
an be used to derive existen
e of sequential equilibria in 
omplete markets.Of 
ourse, the 
aveat here is that market 
ompleteness depends on endogenousequilibrium pri
es. Our assumed 
ondition that there are more se
urities than im-mediate su

essors of every event (J � K) is ne
essary for market 
ompleteness.It is also suÆ
ient for a generi
 set of (appropriately parametrized) e
onomies, seeMagill and Quinzii [15℄. It is worth pointing out that, in the 
ontext of Theorem5.3, the freedom of 
hoosing pri
e bubbles in implementation of Arrow-Debreuequilibria with transfers 
an be used to assure that se
urity markets are 
omplete.This is so be
ause pri
e bubbles � 
an be 
hosen arbitrarily subje
t to the \mar-tingale property" (12) and the 
ondition of zero bubble on the supply of se
urities(see the example of Se
tion 7).An often used feasibility 
onstraint on portfolio strategies is the transversality
ondition. In our setting the transversality 
ondition is written aslim infT!1 XsT2FT (st) �q(sT )q(sT )�(sT ) � 0 8st: (37)Hernandez and Santos [9℄ proved that 
onsumers' budget sets in sequential marketsare the same under the wealth 
onstraint and the transversality 
ondition, as longas Pst2E �q(st)yi(st) < 1. Therefore, all implementation results of Se
tion 5remain valid when the wealth 
onstraint is repla
ed by the transversality 
ondition(and under an additional assumption that Pst2E �q(st)�y(st) <1).Hernandez and Santos [9℄ and Magill and Quinzii [15℄ provide other spe
i�-
ations of portfolio 
onstraints that lead to the same budget sets as the wealth
onstraint. For further dis
ussion of equivalent portfolio 
onstraints in the set-ting with one-period-lived se
urities, see Florenzano and Gourdel [8℄, Magill andQuinzii [14℄, and Levine and Zame [13℄.
19



Appendix.We start by proving a lemma 
on
erning relation between budget sets in se-quential markets under the wealth 
onstraint and in Arrow-Debreu markets. Were
all that �q and �q denote the systems of event pri
es and pri
e bubbles (respe
-tively) asso
iated with given se
urity pri
es q. Further, p denotes the system ofevent pri
es asso
iated with given pri
ing fun
tional P .Let Bw(q; yi; �i) denote the set of budget feasible 
onsumption plans in sequen-tial markets at pri
es q under the wealth 
onstraint, when goods endowment is yiand initial portfolio is �i. That is, 
 2 Bw(q; yi; �i) if 
 2 C+ and there exists aportfolio strategy � su
h that
(s0) + q(s0)�(s0) � yi(s0) + q(s0)�i;
(st) � yi(st) + z(q; �)(st) 8st 6= s0; (38)q(st)�(st) � � 1�q(st) Xs�2E+(st) �q(s� )yi(s� ) 8st:LetBAD(P ;!i; �i) denote the set of budget feasible 
onsumption plans in Arrow-Debreu markets at P when endowment is !i and transfer is �i. That is, 
 2BAD(P ;!i; �i) if 
 2 C+ and P (
) � P (!i) + �i: (39)The budget set with zero transfer BAD(P ;!i; 0) is denoted by BAD(P ;!i).Throughout the Appendix, endowments !i, yi and �i are related by (2), thatis, !i(st) = yi(st) + �id(st) 8st: (40)Lemma A.1. Let P be a 
ountably additive pri
ing fun
tional and q a market-
ompleting system of se
urity pri
es. If�q(st) = p(st) 8st; (41)20



and P (yi) <1; P (dj) <1 for ea
h i and j, thenBw(q; yi; �i) = BAD(P ;!i; �i�q(s0)) (42)Proof: Suppose that 
 2 Bw(q; yi; �i). Multiplying both sides of the budget
onstraint (38) at st by �q(st) and summing over all st for t ranging from 0 toarbitrary � , and using (3), we obtain�Xt=0 Xst2Ft �q(st)
(st) + Xs�2F� �q(s� )q(s� )�(s� ) � �Xt=0 Xst2Ft �q(st)yi(st) + q(s0)�i:(43)Adding P1t=�+1Pst2Ft �q(st)yi(st) to both sides of (43), there results�Xt=0 Xst2Ft �q(st)
(st) + Xs�2F� 24�q(s� )q(s� )�(s� ) + Xst2E+(s� ) �q(st)yi(st)35� Xst2E �q(st)yi(st) + q(s0)�i: (44)The sumPst2E �q(st)yi(st) is �nite by assumption. If the use is made of the wealth
onstraint, (44) implies that�Xt=0 Xst2Ft �q(st)
(st) �Xst2E �q(st)yi(st) + q(s0)�i (45)Taking limits in (45) as � goes to in�nity yieldsXst2E �q(st)
(st) �Xst2E �q(st)yi(st) + q(s0)�i: (46)Sin
ePst2E �q(st)dj(st) is assumed �nite for every j, the pri
e bubble �q(s0) iswell-de�ned. If the use is made of (5) and (40), inequality (46) 
an be written asXst2E �q(st)
(st) �Xst2E �q(st)!i(st) + �i�q(s0); (47)or simply as P (
) � P (!i) + �i�q(s0): (48)21



Thus 
 2 BAD(P ;!i; �i�q(s0)).Suppose now that 
 2 BAD(P ;!i; �i�q(s0)). Sin
e se
urity markets are 
om-plete at q, for ea
h st there exists portfolio �(st) su
h that[q(st+1) + d(st+1)℄�(st) = Xs�2E(st+1) �q(s� )�q(st+1) [
(s� )� yi(s� )℄ 8st+1 2 Ft+1(st):(49)Note that the sum on the right-hand side of (49) is �nite sin
ePs�2E(st+1) �q(s� )
(s� ) �P (
). Multiplying both sides of (49) by �q(st+1), summing over all st+1 2 Ft+1(st),and using (3), we obtainq(st)�(st) = Xs�2E+(st) �q(s� )�q(st) [
(s� )� yi(s� )℄ 8st: (50)It follows from (49) and (50) that
(st) + q(st)�(st) = yi(st) + [q(st) + d(st)℄�(st�) 8st 6= s0: (51)Thus 
 and � satisfy the sequential budget 
onstraint (38) at ea
h st 6= s0. Toshow that the budget 
onstraint at s0 also holds we use the equivalen
e of (48)and (46). Equation (50) for s0 and (46) imply the date-0 budget 
onstraint
(s0) + q(s0)�(s0) � yi(s0) + q(s0)�i: (52)Sin
e 
 � 0, equation (50) implies that � satis�es the wealth 
onstraint. Thus
 2 Bw(q; yi; �i) 2Proof of Theorem 5.1: For the system of se
urity pri
es q de�ned by (9),the asso
iated event pri
es �q satisfy (41) and pri
e bubbles �q are zero. Sin
eP (!i) < 1 and P (dj) < 1, it follows that P (yi) < 1. Therefore, Lemma A.1implies that the budget set in sequential markets at q equals the Arrow-Debreubudget set with zero transfer. Hen
e, 
onsumption plan 
i is optimal for ea
h i insequential markets. It remains to be shown that portfolio strategies that generatethe optimal 
onsumption plans 
lear se
urity markets.22



Let �i be portfolio strategy de�ned by (49) with 
i, that is, satisfying[q(st+1) + d(st+1)℄�i(st) = Xs�2E(st+1) p(s� )p(st+1) [
i(s� )� yi(s� )℄ 8st+1 2 Ft+1(st)(53)for ea
h st and ea
h i. Su
h portfolio strategy generates 
onsumption plan 
i andsatis�es i's the wealth 
onstraint. Summing (53) over all i and usingPi 
i =Pi !iand (40), we obtain[q(st) + d(st)℄Xi �i(st�) = Xs�2E(st) p(s� )p(st) d(s� )�� 8st 6= s0: (54)It follows from (9) and (54) that[q(st) + d(st)℄"Xi �i(st�)� ��# = 0 8st 6= s0: (55)If there are no se
urities with redundant one-period payo�s, then (55) implies thatXi �i(st) = �� 8st: (56)Otherwise, if there are redundant se
urities, then portfolio strategies f�ig 
an bemodi�ed without 
hanging their payo�s so that (56) holds.2Proof of Theorem 5.2: In a sequential equilibrium under the wealth 
onstraint,the present value 1�q(st)Ps�2E+(st) �q(s� )yi(s� ) must be �nite, for otherwise therewould not exist an optimal portfolio strategy for 
onsumer i. Therefore P (yi) <1.Further, sin
e pri
e bubbles are zero, it follows that P (dj) < 1 (see Se
tion 4).Lemma A.1 
an be applied and it implies the 
on
lusion. 2Proof of Theorem 5.3: If se
urity pri
es q de�ned by (11) are market 
ompleting,then the asso
iated system of event pri
es �q is unique and satis�es (41). Theasso
iated pri
e bubbles are �q = �. As in the proof of Theorem 5.1, one 
an showthat P (yi) < 1. It follows from Lemma A.1 that ea
h 
onsumption plan 
i isoptimal in sequential markets. 23



The proof that portfolio strategies that generate the optimal 
onsumption plansalso 
lear se
urity markets is the same as in Theorem 5.1 with one minor mod-i�
ation. With se
urity pri
es de�ned by (11), we obtain the following equationinstead of (55):[q(st) + d(st)℄"Xi �i(st�)� ��# = ��(st)�� 8st 6= s0: (57)However, sin
e �(st)�� = 0, equation (55) does hold and the rest of the proof ofTheorem 5.1 applies.Proof of Theorem 5.4: The same argument as in the proof of Theorem 5.2implies that P (yi) < 1. It follows immediately from Lemma A.1 that pri
ingfun
tional P and 
onsumption allo
ation f
igIi=1 are an Arrow-Debreu equilibriumwith transfers f�q(s0)�igIi=1. That these transfers add up to zero (or, equivalently,pri
e bubble on the supply of se
urities is zero) follows from Walras' LawXi P (
i) =Xi P (!i) + �q(s0)�� (58)and market-
learingPi 
i =Pi !i. 2Proof of Theorem 6.1: We �rst show that q � 0. Suppose, by 
ontradi
tion, thatqj(st) < 0 for some se
urity j and event st. Let 
i be equilibrium 
onsumption planand �i equilibrium portfolio strategy of 
onsumer i. Consider a portfolio strategy �̂ithat results from holding �i and pur
hasing one share of se
urity j in event st andholding it forever. Sin
e �i is essentially bounded, �̂i is essentially bounded, too.Further, sin
e qj(st) < 0 and dj � 0, portfolio strategy �̂i generates a 
onsumptionplan that is greater than or equal to 
i in every event and stri
tly greater in eventst. This 
ontradi
ts the optimality of 
i.We 
an now assume that q � 0. It follows from the dis
ussion in Se
tion 4 thatthe present value (4) of ea
h se
urity is �nite and the pri
e bubble is well-de�nedand nonnegative in every event. To prove that �q(st) = 0 for every t it suÆ
es toshow that �q(s0) = 0. The rest follows from (6).24



Sin
e se
urity markets are 
omplete at q, for ea
h event st and ea
h se
urity jthere exists a portfolio �j(st) su
h that[q(st+1) + d(st+1)℄�j(st) = Xs�2E(st+1) �q(s� )�q(st+1)dj(s� ) 8st+1 2 Ft+1(st): (59)Multiplying both sides of (59) by �q(st+1), summing over all st+1 2 Ft+1(st) andusing (3) we obtain q(st)�j(st) = Xs�2E+(st) �q(s� )�q(s� )dj(s� ): (60)Sin
e dj � 0, it follows that q(st)�j(st) � 0. Therefore �j is essentially bounded.Using (59) and (60), we obtain[q(st) + d(st)℄�j(st�)� q(st)�j(st) = dj(st) 8st 6= s0; (61)Thus, the payo� of �j equals the dividend dj, that is z(q; �j) = dj. Date-0 pri
e of�j is the present value of dj (see (60)).Let �j denote a portfolio strategy of selling one share of se
urity j at date 0and never buying it ba
k. We havez(q; �j + �j)(st) = 0 8st 6= s0: (62)and q(s0)[�j(s0) + �j(s0)℄ = ��qj(s0): (63)Consider portfolio strategy �̂i = �i + �j + �j. Sin
e strategies �i, �j and �j areessentially bounded, �̂i is essentially bounded, too. If �qj(s0) > 0, then �̂i generatesa 
onsumption plan that is stri
tly greater than 
i at date 0 and equal to 
i in allfuture events. This would 
ontradi
t optimality of 
i. Therefore �qj(s0) = 0. 2Before proving Theorems 6.2 and 6.3 we establish a lemma 
on
erning rela-tion between budget sets in sequential markets with essentially bounded portfoliostrategies and in Arrow-Debreu markets.25



Let Bb(q; yi; �i) denote the set of budget feasible 
onsumption plans in sequen-tial markets at pri
es q with essentially bounded portfolio strategies, when goodsendowment is yi and initial portfolio is �i. That is, 
 2 Bb(q; yi; �i) if 
 2 C+ andthere exists an essentially bounded portfolio strategy � su
h that
(s0) + q(s0)�(s0) � yi(s0) + q(s0)�i;
(st) � yi(st) + z(q; �)(st) 8st 6= s0; : (64)We haveLemma A.2. Let P be a 
ountably additive pri
ing fun
tional and q � 0 amarket-
ompleting system of se
urity pri
es with zero pri
e bubbles, i.e., �q = 0.If �q(st) = p(st) 8st; (65)and there exists an essentially bounded portfolio strategy � su
h that� 1�q(st) Xs�2E+(st) �q(s� )yi(st) � q(st)�(st); 8st; (66)then Bb(q; yi; �i) = BAD(P ;!i) (67)Proof: Let 
 2 Bb(q; yi; �i). As in the proof of Lemma A.1, budget 
onstraint(64) implies (43). Taking limits in (43) as � goes to in�nity, we obtainXst2E �q(st)
(st) + lim inf�!1 Xs�2F� �q(s� )q(s�)�(s� ) �Xst2E �q(st)yi(st) + q(s0)�i: (68)Note that (66) for s0 implies thatXst2E �q(st)yi(st) � yi(s0)� q(s0)�(s0) (69)26



whi
h shows that Pst2E �q(st)yi(st) is �nite. We 
laim thatlim inf�!1 Xs�2F� �q(s� )q(s� )�(s� ) � 0: (70)Sin
e � is essentially bounded, it follows thatXs�2F� �q(s� )q(s� )�(s� ) � Xs�2F� �q(s� )q(s�)b(s� ) 8�; (71)for some bounded portfolio strategy b. Sin
e �qj(s0) = 0, (7) implies that the limit,as � goes to in�nity, of the right-hand side of (71) is positive.Inequalities (70) and (68) imply (46), that isXst2E �q(st)
(st) �Xst2E �q(st)yi(st) + q(s0)�i; (72)Using the same arguments as in the proof of Lemma A.1 we 
an rewrite (72) asP (
) � P (!i): (73)Thus 
 2 BAD(P ;!i).Suppose now that 
 2 BAD(P ;!i). In the proof of Lemma A.1 we 
onstru
teda portfolio strategy that generates 
 at se
urity pri
es q and satis�es the wealth
onstraint. That is,q(st)�(st) � � 1�q(st) Xs�2E+(st) �q(s� )yi(s� ) 8st: (74)Using (66) we obtain q(st)�(st) � q(st)�(st) 8st; (75)whi
h implies that � is essentially bounded. Consequently, 
 2 Bb(q; yi; �i). 2Proof of Theorem 6.2: Lemma A.2 implies that 
onsumption plan 
i is opti-mal for ea
h i in sequential markets under the 
onstraint of essentially boundedportfolio strategies. The proof that portfolio strategies that generate the optimal
onsumption plans 
lear se
urity markets is the same as in Theorem 5.1. 2Proof of Theorem 6.3: It follows immediately from Lemma A.2. 227
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