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1 Introduction

The literature on general equilibrium with incomplete markets analyzed three
main properties of equilibria: existence, (generic local) uniqueness or indetermi-
nacy, and Pareto optimality - in the form of generic ine¢ ciency and e¤ectiveness
of Pareto improving planner intervention.
Most of the existing contributions studies models without (outside) money.

In this paper, we present a model with money and we investigate the above
mentioned three problems.1

In a classical general equilibrium model with or without complete markets,
all trades takes place between the individual and an abstract market.�The per-
fection and simplicity of the trade in the model preclude the role for money as
a facilitator of transactions.�(Starr (1989)) . In the absence of �imperfections�
which prevent people to barter goods, it is impossible to model money in a
consistent way. Quoting from Cass and Shell (1980),
�...It is obvious (and well known) that money cannot have a positive price - that

is, cannot be a store of value - in a conventional �nite horizon-model in which the �end
of the world� is known with certainty. The reason is simple. At the end of the last
period, money is worthless. Therefore, in the next-to-last period, all individuals desire
to dispose of money in order to avoid capital losses. This drives the price of money to
zero at the end of the next-to-last period. And so on. Individual with foresight, not
wanting to be stuck with the monetary �hot potato�, thus drive the price of money to
zero in each period.�
In the recent literature, several ways have been chosen to solve the above

mentioned �hot potato �problem.2

First of all, one could assume an in�nite horizon model characterized either
by overlapping-generations or in�nitely-lived consumers.
If one insists in keeping a model with a �nite number of periods, some

alternatives are possible. The simplest one is to make money another argument
of the consumers�utility function, a device which basically denies the very nature
of the puzzle of giving positive price to a �worthless�commodity.
Another approach consists in imposing a cash-in-advance constraint. The

idea, due to Clower (1967), amounts to introduce an external agent who ex-
changes goods for money and money for goods3 ; the act of buying and the act
of selling are separated and every exchange must involve transactions of money.
Finally, following Knapp (1905) and Lerner (1947), one can assume that

in the �rst period of time, consumers are endowed with some money by the
government, and in the last period they have to pay taxes using money.
Observe that both the cash-in-advance and the tax models seem to replace a

problem (hot potato for consumers) by another one (hot potato for the �govern-

1As explained below, we analyze the case in which money is used to pay taxes. In a
companion paper, we consider the case of cash-in-advance models - see del Mercato and
Villanacci (in progress).

2For a discussion of recent contributions on this topic, see Starr (1989) and Magill and
Quinzii (1996).

3A formal analysis of the model is presented in Magill and Quinzii (1992) and (1996).
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ment�). As Magill and Quinzii (1996, page 443) say �If money has no value to
agents in the private sector, why should it have any value to the government?�.
A natural answer consistent with a favorable view of the role of government is

that money can be used for policy purposes. Government introduces money be-
cause it can be used to decrease the ine¢ ciency of equilibria in a world with some
imperfection - say incomplete markets. That observation leads to the core of
the long-standing debate on neutrality of money: Is the real side of the economy
independent of monetary policy?4 More precisely, in an a general equilibrium
model with incomplete markets, �nite horizon and rational expectations, can
monetary policy change equilibrium allocations and/or Pareto improve upon
them?
The e¤ects of non-monetary policies have been widely studied in the litera-

ture.
Geanakoplos and Polemarchakis (1986) have shown that generically, a plan-

ner may Pareto improve upon the competitive outcome by assigning asset port-
folios, reallocating initial endowments in period zero among households, and
closing �nancial markets. Their proof requires also an upper bound on the
number of households.
Citanna, Kajii and Villanacci (1998) have shown that planner intervention is

typically successful if she reallocates the numeraire good among all households
in period zero and among two households in one state in period one.
Some attention has also been paid to monetary policies.
Magill and Quinzii (1992) analyze an incomplete market model with cash-

in-advance money and show that generically in endowments and money supply
equilibria are locally unique; they also show that if assets markets are incom-
plete, local changes in money supply translate in a degree of indeterminacy of
equilibria equal to the number of states in the second period minus one, as long
as the number of household is bigger than the number of assets.
Carosi (2001) analyzes a model with restricted participation, and propor-

tional taxes and shows that a planner can Pareto improve if she can tax one
household in each state in the �nal period of time (and if the number of states
there is not smaller than the number of households).
Tirelli (2003) shows that a planner can Pareto improve in a model with a

one-good per spot, incomplete markets, production, taxes only on asset returns
and no outside money.
The above papers pay for the freedom of trading on �nancial markets - absent

in Geanakoplos and Polemarchakis (1986) with the need to use what could be
seen as a policy of �announcement�of taxes and transfers: credibility of such
announcement can be questioned.
Can a planner redistribute wealth only in period zero, leave all markets open

and Pareto improve?
The present paper analyzes a model with incomplete markets and money

4For a brief and clear summary of the main aspect of the controversy, see pages 429-430 in
Magill and Quinzii (1996).
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used to pay taxes5 for which the answer to the above question is positive, without
imposing any upper bound on the number of households.
Citanna, Polemarchakis and Tirelli (2002) also answer positively to the above

question in a standard model with incomplete �nancial markets. Planner in-
tervention consists in imposing taxes on trades in assets, creating a di¤erence
between purchasing and buying prices. That policy is therefore anonymous, in
the sense that is not household dependent. An upper bound on the number of
households is required in the proof.6

Another main reason of interest in a model with incomplete markets and
outside money is the analysis of the determinacy (or local uniqueness) of equi-
libria. It is well-known that if assets pay in abstract units of account, equilibria
exhibit a high7 degree of indeterminacy. The basic intuition8 behind that re-
sult is that di¤erent prices across states of nature lead to di¤erent purchasing
power of the nominal asset returns across those states and therefore they lead
to changes in the subspaces of income transfers achievable by the available asset
structure.9

It could be argued that , � ... indeterminacy per se presents a severe prac-
tical hurdle for the rational expectation hypothesis. In short, is it plausible to
maintain that households are capable of concentrating their beliefs (correctly)
on one among a surfeit of possible market outcomes?�10 . Indeterminacy could
also be seen as a virtue of the model. When so many equilibria are possi-
ble, there is room for some institute (the government, worker unions, ...) to
�guide�the economy towards the choice of a particular equilibrium with desir-
able properties, without leading to any disruptive change of the functioning of
the economy.
Moreover, indeterminacy seems to suggest that there is an important element

which is missing in the model. Since �the reason�for indeterminacy is that the
future �price level� is not tied down, introducing outside money will eliminate
the problem.
While there is some basis for that conjecture, its validity depends on how

money is introduced. While in the cash-in-advance and proportional taxes mod-
els, equilibria are typically determinate, in the case of lump sum taxes actually
equilibria exhibit one more degree of indeterminacy. For the reasons suggested
above, we investigate the case of a general tax function and we in fact show

5Villanacci (1991) and (1993) prove existence in models with money used to pay propor-
tional and lump sum taxes; moreover, generically in endowments in the former model equilibria
are locally unique, and in the latter one, equilibria exhibit a degree of real indeterminacy equal
to the number of states in the second period.

6The number of households has to be smaller or equal than both (the number of assets
minus 1) and (the di¤erence between the number of states and the number of assets plus 1).

7The degree of real indeterminacy is equal to the number of states in the second period
minus one.

8The mathematical intuition is simply that in the system of equations de�ning the equi-
librium set, the number of relevant unknowns is bigger than the number of nonredundant
equations.

9For a discussion of the indeterminacy issue, see Magill and Quinzii (1996) or Villanacci
et Al. (2002) and further references there.
10Cass (1992), p. 264.
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that equilibria are determinate as long as assets pay in units of money.
The paper is organized as follows. In section 2, we describe the set up of the

model. In section 3, we show existence of equilibria and generic regularity for the
case of general tax functions - see Assumption 6 and 21, respectively. In section
4, in the case of piecewise linear tax function, we prove that monetary policy
is not neutral: redistributing wealth in the �rst period can Pareto improve.
Finally, the Appendix contains some more technical notation and the proof of
the main theorem of section 4.

2 Set up of the model

There are two periods: today (period t = 0) and tomorrow (period t = 1).
Today there is one state of the world, denoted by s = 0. Tomorrow, S states of
the world are possible. Therefore, the set of all possible state of the world (also
called spots) is f0; 1; :::; Sg with generic element s.
There are C physical commodities or goods in each spot s denoted by super-

script c 2 f1; :::; Cg. Good c in state s is denoted by superscript sc . In total,
there are G � C(S + 1) goods.
There are H households or consumers labelled by subscript h 2 f1; :::;Hg �

H with preferences described by utility function uh : RG++ ! R.
There are I assets or �nancial instruments labelled by superscript i 2 f1; :::; Ig.
Outside money di¤ers from all the other goods because it does not enter

households�utility functions, it has to be used to pay taxes, it can be stored
and it cannot be issued by households, i.e., its individual demand has to be
nonnegative.
Time structure is as follows. In period 0, households receive initial endow-

ments of goods and initial endowment of outside money; they exchange goods,
outside money and assets; �nally they consume the goods they acquired. Then,
uncertainty is resolved and in period 1, one of S possible states of the world
occurs. In each of them, households receive other endowments of goods and of
outside money, assets pay their yields; households exchange goods and outside
money; �nally they pay taxes using outside money and consume the goods they
acquired. At the end of the world, all money in the economy is taken away by
the government.
The notation we use is summarized below.

� xsch is the consumption of commodity c in state s by household h; xsh �
(xsch )

C
c=1, xh � (xsh)Ss=0; x � (xh)Hh=1 2 RGH++ .

� esch is the endowment of commodity c in state s owned by household h;
esh � (esch )Cc=1, eh � (esh)Ss=0; e � (eh)Hh=1 2 RGH++ .

� ms
h is the demand of outside money by household h in spot s; we assume

that households cannot issue outside money, i.e., ms
h 2 R+ for all h and

s; mh � (ms
h)
S
s=0; m

0 � (m0
h)
H
h=1; m � (mh)

H
h=1 2 R

(S+1)H
+ .
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� esmh is the endowment of outside money owned by household h in state s;
esmh 2 R; emh � (esmh )Ss=0; e

m � (emh )Hh=1 2 RH(S+1) .

� psc is the price of one unit of commodity c in state s; ps � (psc)Cc=1;
p � (ps)Ss=0 2 RG++; prices of goods are expressed in units of outside
money.

� An asset i is described by an (S+1) dimensional vector (�qi; y1;i; :::; yS;i).
qi is the price of asset i; q � (qi)Ii=1 2 RI ; prices of assets are expressed in
units of outside money. ysi is the yield of asset i in state s, expressed in
units of outside money; ys � (ysi)Ii=1 2 RI ; Y � [ysi]s;i 2 MS;I , the set
of S � I matrices.

� For s � 1, bts : RI � R� RC++ � RC++ � R� RI ! R;bts : �bh;m0
h; p

s; esh; e
sm
h ; ys

�
7�! bts �bh;m0

h; p
s; esh; e

sm
h ; ys

�
is the tax to be paid by household h in state s; bt � (bts)Ss=1. bts is measured
in units of money.

� bih is the demand of asset i by household h; bh � (bih)Ii=1; b � (bh)Hh=1 2
RIH .

Assumption 1 For all h, uh is C3, di¤erentiably strictly increasing (i.e., 8xh 2
RG++; Duh(xh) � 0), di¤erentiably strictly quasi-concave (i.e., 8y 2 RGnf0g
and 8xh 2 RG++ such that Duh(xh)y = 0, we have yTD2uh(xh)y < 0) 11 , and
8u 2 R, clRGfxh 2 RG++ : uh(xh) � ug � RG++.

The set of utility functions of household h which satisfy Assumption 1 is
denoted by Uh. Moreover, U � �Uh is endowed with the topology of the C3
uniform convergence on compact sets .

Remark 2 To show existence of equilibria, our strategy of proof requires the
utility functions to be C2. We need C3 utility functions in the proof of Theorem
32.

We make the following assumptions on the �nancial and tax structure of the
model.

Assumption 3 (Incomplete Markets) I + 1 < S.

Assumption 4 (No redundancy) rank [1S j Y ] = I + 1.

The set of all matrices Y 2MS;I that satisfy Assumptions 3 and 4 is denoted
byM.

Assumption 5 1. 8h; e0mh � 0; 8h; s � 1; e0mh + esmh � 0;
2.
PH

h=1 e
0m
h > 0; 8 s � 1;

PH
h=1(e

0m
h + esmh ) > 0.

11 In fact, in the proof of section 4, we need to assume that 8xh, D2uh(xh) is negative
de�nite.
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Condition 1 insures that households have a non-negative endowment of
money in each state - at worse saving some money from state zero to state
s.
Condition 2 requires some money to be available to pay taxes.

Assumption 6 For each s � 1, bts is a continuous function and satis�es the
following conditions.
1. 8h; s � 1 9"s 2 (0; 1) such that 8

�
bh;m

0
h; p

s; esh; e
sm
h ; ys

�
2 RI � R �

RC++ � RC++ � R� RI ,bts �bh;m0
h; p

s; esh; e
sm
h ; ys

�
� (1� "s)

�
psesh + e

sm
h + ysbh +m

0
h

�
2a. 8s � 1; 8

�
bh;m

0
h; p

s; esh; e
sm
h ; ys

�
,

bts �bh;m0
h; p

s; esh; e
sm
h ; ys

�
� 0

2b. 8s � 1 9�s 2 (0; 1) such that 8
�
bh;m

0
h; p

s; esh; e
sm
h ; ys

�
,

HX
h=1

bts �bh;m0
h; p

s; esh; e
sm
h ; ys

�
� �s

HX
h=1

�
psesh + e

sm
h + ysbh +m

0
h

�
3. �bts �ps; esh; esmh ; ys; bh;m

0
h

�
is C2 with respect to

�
bh;m

0
h

�
and quasi-concave

in
�
bh;m

0
h

�
.

4a. 8s � 1; 9"sm 2 (0; 1) such that 8
�
bh;m

0
h; p

s; esh; e
sm
h ; ys

�
, @bts
@m0

h
belongs

to a compact subset of R .
4b. 8s � 1; 8i 2 f1; :::; Ig ;9"si 2 (0; 1) such that 8

�
bh;m

0
h; p

s; esh; e
sm
h ; ys

�
,

@bts
@bih

belongs to a compact subset of R .

Observe that psesh+ e
sm
h + ysbh+m

0
h is just the total wealth of household h

in state s � 1.
Assumption 6.1 is su¢ cient to insure that taxes are not so high to eat up

some household�s wealth in some state.
Assumption 6.2a requires in each state each household to be asked to pay

non-negative taxes; 2b that aggregate taxes are strictly positive - in fact, bounded
away from zero.
Assumption 6.3 is a very mild one and basically requires the tax to be non-

regressive in money and asset return. A convex function of the form bbts : R++ !
R, bbts �psesh + esmh + ysbh +m

0
h

�
does satisfy Assumption 6.3.

Assumption 6.4 is satis�ed if the marginal tax rates for money and asset
demand belong to [0; 1].12

De�nition 7 E �
�
em 2 R(S+1)H : Assumption 5 is satis�ed

	
;

T �
�bt : Assumption 6 is satis�ed	.

12Assumption 6.3 is used to show su¢ ciency of Kuhn-Tucker conditions. The other condi-
tions are mainly used in Lemma 19.
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A relevant example of the function bts which satis�es the above assumptions
is presented below.
For each state s � 1, de�ne

T s �
n
ts = (tsk)

Ks

k=0 2 R
Ks+1 : 0 < ts0 < ts1 < ::: < tsKs

o
W

s �
n
ws � (wsk)

Ks

k=0 2 R
Ks+1 : ws0 � 0 < ws1 < ::: < wsKs

o
t � (ts)

S
s=1; moreover, T � �Ss=1T s; w � (ws)

S
s=1 ;W � �Ss=1W

s
. Call

tax class k in state s the interval
�
wsk; w

s
k+1

�
for k 2 f0; 1; :::;Ks � 1g and the

interval (wsK ;+1) for k = Ks. We can then de�ne the following tax function

bts : RC++ � RC++ � T s �W s ! R

bts : (ps; esh; ts; ws) 7!
8>>>><>>>>:

ts0p
sesh if psesh 2 (0; ws1]Pk�1
k0=0 t

s
k0

�
wsk0+1 � wsk0

�
+ tsk (p

sesh � wsk) if psesh 2
�
wsk; w

s
k+1

�
PKs�1

k0=0 ts1
�
wsk0+1 � wsk0

�
+ tsKs (psesh � wsKs) if psesh 2 (wsKs ;+1]

(1)

An economy is completely described by an element E �
�
e; em;bt; Y; u� 2

RGH++ � T �M�U .
Household h�s maximization problem is the following one. For given E ,

p 2 RG++ and q 2 RI

max(xh;bh;m0
h)2RG++�RI�R uh(xh)

s:t:
�p0(x0h � e0h)�m0

h + e
0m
h � qbh = 0

�ps(xsh � esh) +m0
h + e

sm
h + ysbh � bts (:::) = 0 for s � 1

m0
h � 0

(2)

Observe that for each h and s � 1; ms
h = bts (:::). Moreover, (x; b;m) satis�es

market clearing conditions ifPH
h=1(x

n
h � e

n
h) = 0 (1)PH

h=1 bh = 0 (2)PH
h=1(m

0
h � e0mh ) = 0 (3)PH

h=1

�
(m0

h + e
s;m
h )� bts (:::)� = 0 s � 1 (4)

(3)

where xnh � (xsch )c6=1 2 R
G�(S+1)
++ and enh � (esch )c6=1 2 R

G�(S+1)
++ . We can

then give the following de�nition of equilibrium.

De�nition 8 (x; b;m0; p; q) 2 RGH++ � RIH � RH � RG++ � RI is a monetary
equilibrium for E if:

1. for all h = 1; :::;H, (xh; bh;m0
h) solves problem (2) at (p; q; E);
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2. (x; b;m0) satis�es market clearing conditions (3) at E.

For technical reasons, and without any loss of generality, we de�ne an equi-
librium using the prices of good 1 in each state s as the unit of measure of
values, i.e., we choose those goods as per state numeraire goods. Formally, we
have what follows. De�ne

for each s � 0; bps � ps

ps1 2 R
C
++;bpsn � � pscps1

�
c6=1
2 RC�1++ ;

bpn � �psn�S
s=0

2 RG�(S+1)++bq � q
p01

and
for each s � 0; qsm � 1

ps1 2 R++;
qm � (qsm)Ss=0 2 R

S+1
++

Observe that

ps =
bps
qsm

The obvious interpretation of qsm is the price of money in state s in terms
of the numeraire good 1 in that state.
We can now give a de�nition of equilibrium which turns out to be equivalent to
De�nition 8 - see Lemma 10 below.

De�nition 9 (x; b;m0; bpn; bq; qm) 2 RGH++ �RIH �RH �RG�(S+1)++ �RI �RS+1++

is a numeraire equilibrium for E if:

1. for all h = 1; :::;H, (xh; bh;m0
h) solves problem

max(xh;bh;m0
h)2RG++�RI�R uh(bxh)

s:t:
�bp0(x0h � e0h) + q0m ��m0

h + e
0m
h

�
� bqbh = 0

�bps(xsh � esh) + qsm �m0
h + e

sm
h + ysbh

�
� qsmbts (:::) = 0 s � 1

m0
h � 0

(4)

at (bpn; bq; qm; E);
2. (x; b;m0) satis�es market clearing conditionsPH

h=1(x
n
h � e

n
h) = 0 (1)PH

h=1 bh = 0 (2)PH
h=1(m

0
h � e0mh ) = 0 (3)PH

h=1

�
(m0

h + e
s;m
h )� bts (:::)� = 0 s � 1 (4)

(5)

It is then easy to show the following lemma.
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Lemma 10 If (x; b;m0; p; q) is a monetary equilibrium for E , then

(x; b;m0; bp = �psn
ps1

�S
s=0

; bq = q

p01
; qm =

�
1

ps1

�S
s=0

)

is a numeraire equilibrium for E, and
if (x; b;m0; bpn; bq; qm) is a numeraire equilibrium for E, then

(x; b;m0; p =

� bps
qsm

�S
s=0

; q =
bq
q0m

)

is a monetary equilibrium for E.

The above lemma says nothing but monetary and numeraire equilibria di¤er
only for the unit of measure of prices. In the former cases, in each spot, prices
of goods and prices of assets are expressed in terms of units of money; in the
latter, in each spot, prices of goods, prices of assets and prices of money are
expressed in terms of units of good 1.
With innocuous abuse of notation, we take away the symbol �b�from prices.
To get a more concise way of writing budget equations, de�ne also13

�(p) �

0BBB@
p0

p1

. . .
pS

1CCCA
(S+1)�G

; e1 � � �1
1

�
(S+1)�1

with 1 � (1; :::; 1)2RS ,

qm1 � (qsm)Ss=1 and eqm � � �q0mqm1

�
(S+1)�1

Given an arbitrary vector v 2 Rn, dg (v) is an n diagonal matrix with v as
diagonal, and

Rm �
�

�q
dg(qm1) Y

�
(S+1)�I

�
�
�q
Ym

�
Observe that

rank [Rmjeqm] = I + 1

De�ne also bt�h (:::) �
"
0bts �(:::)Ss=1�

#
(S+1)�1

Then, the budget constraints in problem (4) can be written as

��(p)(xh � eh) + dg(qm) (m0
h
e1+ emh � bt�h (:::)) +Rmbh = 0

13An empty space in a matrix denotes a zero submatrix.
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3 Existence and Generic Regularity of Equilib-
ria

3.1 Existence

To show existence we take for �xed an arbitrary
�bt; Y; u� 2 T �M� U . The

relevant exogenous variable space is then


 � RGH++ � E

with generic element
! � (e; em)

De�ne also the set of endogenous variables as

� �
�
RG++ � RS+1++ � RI � R� R

�H � RG�(S+1)++ � RI � RS+1++

with generic element

� � ((xh; �h; bh;m0
h; �h)

H
h=1; p

n; q; qm)

We can now describe equilibria using the system of Kuhn-Tucker conditions
- which characterize solutions to the households�maximization problems - and
market clearing conditions (5). De�ne

F : �� 
! Rdim�; F : (�; !) 7! left hand side of system (6) below

(h:1) Dxhuh(xh)� �h�(p) = 0
(h:2) ��(p)(xh � eh) + dg(qm)

�
(m0

h
e1+ emh � t�h (:::))�+Rmbh = 0

(h:3) �hR(q; q
m1;bt) = 0

(h:4) �heqm �bt�+ �h = 0
(h:5) minf�h;m0

hg = 0
(M1)

PH
h=1(x

n
h � e

n
h) = 0

(M2)
PH

h=1 bh = 0

(M3)
PH

h=1(m
0
h � e

0;m
h ) = 0

(M4)
PH

h=1

�
(m0

h + e
s;m
h )� bts (:::)� = 0

(6)

where budget constraints can be rewritten as follows

�p0(x0h � e0h) + q0m
�
�m0

h + e
0m
h

�
� qbh = 0

�ps(xsh � esh) + qsm
�
m0
h + e

sm
h + ysbh

�
� qsmbts (:::) = 0 s � 1

Remark 11 From equation (M3) in system (6) and Assumption 5.2, in equi-
librium there is h such that m0

h > 0 and �h = 0.

11



We now want to apply the following theorem to prove existence of equilib-
ria14 .

Theorem 12 Let M and N be two C2 boundaryless manifolds of the same
dimension, y 2 N and F;G : M ! N be such that F is C0 and G is C0 and
C1in an open neighborhood of G�1 (y), y is a regular value for G, #G�1 (y) is
odd, there exists a continuous homotopy H from F to G such that H�1 (y) is
compact. Then F�1 (y) 6= ;.

De�nition 13 � 2 � is an extended equilibrium vector for ! 2 
 if F (�; !) =
0.

With innocuous abuse of terminology, we will call � simply an equilibrium.
To verify the assumptions of Theorem 12, we proceed as follows. We �rst
construct an appropriate �test economy�!� using a Pareto optimal allocation.
Then we construct the needed homotopy H - see (9) - de�ning the function
G � F!� . Finally, we show the other needed results, i.e., there exists �� 2 �
such that �� 2 G�1 (0) - Lemma 15, f��g = G�1 (0) - Lemma 16, D�G (�

�) has
full rank - Lemma 18, H�1 (0) is compact - Lemma 19.

Consider an arbitrary good endowment e 2 RCH++ and a Pareto optimal
allocation x� feasible at e, i.e., such that

PH
h=1 x

�
h =

PH
h=1 eh. It is well known

that there exists a unique solution
�
x�; ��n1 � (��h)h6=1 ; 
�

�
2 RGH++�RH�1++ �RG++

to system
(1) Du1 (x1)� 
 = 0
(2) �hDuh (xh)� 
 = 0
(3) (uh (xh)� uh (x�h))h6=1 = 0

(4) �
PH

h=1 xh +
PH

h=1 x
�
h = 0

(7)

De�ne ��1 = 1. Then the test economy !
� � (e�; em�) is de�ned as follows.

e� � x�

e0m�h � 1
4mins�1

�
xs1�h

	
> 0 for each h

esm�h � 1
2x

s1�
h � e0m�h � 1

4x
s1�
h > 0 for each h and s � 1

(8)

De�ne

H! : �� [0; 1]! Rdim �; (�; �) 7! left hand side of system (9) below

14The theorem is a well-known result in degree thoery; for a proof, see, for example, Vil-
lanacci and others (2002), Chapter 7.
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(h:1) Dxhuh(xh)� �h�(p) = 0

(h:2)
��(p) (xh � ((1� �)eh + �x�h)) + dg(qm) [ (m0

h
e1+ ((1� �)emh + �em�h )+

�
�
0;
�
(1� �)bts (:::) + �( 12 1

qsmx
s1�
h )

�S
s=1

�
] +Rmbh = 0

(h:3) �h

"
�q

dg
�
qm1

� h
ysi � (1� �) @bts

@bih

i
s�1;i

#
= 0

(h:4) �h

"
�q0m

dg
�
qm1

� h
1� (1� �) @bts

@m0
h

i
s�1

#
+ �h = 0

(h:5) minf�h;m0
hg = 0

(M1)
PH

h=1

h
x
n
h �

h
(1� �)enh + �x

n�
h

ii
= 0

(M2)
PH

h=1 bh = 0

(M3)
PH

h=1

�
m0
h �

�
(1� �)e0mh + �e0m�h

��
= 0

(M4)
PH

h=1m
0
h + [(1� �)esmh + �esm�h ]�

PH
h=1

�
(1� �)bts (:::) + � � 12 1

qsmx
s1�
h

��
= 0

(9)
where budget constraints could be also be written as

�p0(x0h �
�
(1� �)e0h + �x0�h

�
) + q0m

�
�m0

h +
�
(1� �)e0mh + �e0m�h

��
� qbh = 0

�ps(xsh � [(1� �)esh + �xs�h ]) + qsm
�
m0
h + [(1� �)esmh + �esm�h ] + ysbh

�
+

�qsm
h
(1� �)bts (:::) + �( 12 1

qsmx
s1�
h

i
= 0 s � 1

De�ne also
G : �! Rdim�; � 7! H! (�; 1)

Observe that

H! (�; 0) = F (�; !) = F! (�)

Remark 14 The basic idea used in constructing the homotopy is simple: it
�links�the true economy to a �ctitious economy via a convex combination. The
�ctitious economy is one in which endowments of goods and money are those
de�ned in (8) and the tax function is 1

2of the value of the endowment of the
numeraire good in each state s � 1.

Comparing system (7) and system G (�) = 0, we get the following lemma.

13



Lemma 15 �� �
�
x�; ��; b�;m0�; ��; pn�; q�; qm�

�
2 G�1 (0), where

�s�h = 
s1�

��h
for each s � 0 and for each h

b�h = 0 for each h
m0�
h = e0m�h for each h

��h = 0 for each h

psn� = 
s�n


s1� for each s � 0
q� =

PS
s=1


s1�


01� y
s

q0m� =
PS

s=1

s1�


01�

qm1� = 1

Lemma 16 f��g = G�1 (0).

Proof. From the previous lemma, it is enough to show that if G
�b�� = 0,

then b� � (bx; b�;bb; bm0; b�; bpn; bq; bqm) = ��. In fact, bx = x�, otherwise Pareto opti-
mality of x� would be contradicted. The equality between the other components

of b� and of ��follows from G
�
x�; b�;bb; bm0; b�; bpn; bq; bqm� = 0.

Remark 17 Since m0� = e0m�h > 0 = ��h; in a small enough neighborhood of
G�1 (0) = ��

min
�
�h;m

0
h

	
= �h

Therefore G is continuous in such a neighborhood, and the corresponding as-
sumption of Theorem 12 is satis�ed.

Lemma 18 D�G (�
�) has rank dim�.

Proof. We want to show that if D�G (�
�)�� = 0, then �� = 0. Assuming

otherwise, and using the di¤erentiably strictly quasi-concavity of u, leads to a
contradiction.

Lemma 19 For each ! 2 
, H�1
! (0) is compact.

Proof. We have to show that all sequences (�v)v in H
�1
! (0), up to a subse-

quence, do converge to an element of H�1
! (0).

The convergence of (xv)v follows from Assumption 1 and the fact
�
xh; bh;m

0
h; �h; �h

�
satis�es equations (h:1) � (h:5) in system (9) if and only if

�
xh; bh;m

0
h

�
solve

the following problem.

max(xh;bh;m0
h)2RG++�RI�R uh(xh)

s:t:
(h:2) in system (9)
m0
h � 0

Below, we list the other components of �vand the main reasons for which
they converge.

14



�v
h
for some h: (M3) in (9) and Assumption 5;

�svh : (h:1) in (9) and Assumption 1;
pv: (h:1) in (9);
qmv: (M2), (M:3) and (M:4) in (9) and Assumptions 5.2 and 6.1 and 6.2;
(�vh)h6=h: (h:4) in (9) and 6.4.a.;
qv : (h:3) in (9) and 6.4.b.;�
bv;m0v

�
: (h:2) in (9), Assumptions 4, 6.1 and 6.2.a.

Finally, since f(�v; �v)g � H�1
! (0) means that for every v

H! (�
v; �v) = 0

taking limits of both sides and using the continuity of H!, we get the desired
result.
From the previous Lemmas, we �nally get the desired existence theorem.

Theorem 20 For any ! 2 
 , there exists � 2 � such that F (�; !) = 0.

3.2 Generic Regularity

In this section we show that generically equilibria are �nite and they locally
depend from exogenous variables in a smooth manner if the tax function satis�es
the following Assumption15 - where with innocuous abuse of notation we still
use the symbol bts.
Assumption 21 The tax function is continuous and takes the following form.
For s � 1, bts : R++ ! R; bts : ws 7! bts (ws)
with

ws =
ps

qsm
esh + e

sm
h + ysbh +m

0
h

and it is such that

8h;8s � 1;8wsh, Dbts (wsh) 2 (0; 1)
The assumption simply says that each increment of wealth is non-trivially

taxed and it cannot be completely taken away by the government.

De�nition 22 ! 2 
 is a regular economy if

1. there exists r 2 N such that (F!)�1 (0) =
�
�i
	r
i=1
;

2. for each i, D�F!
�
�i
�
has full row rank;

3. for each i, there exists an open set U � 
, an open set Vi � Rdim� and
a unique function gi : U ! Vi such that

�
�i; !

�
2 Vi � U , gi is C1,

gi (!) = �i and for every !0 2 U , F (gi (!0) ; !0) = 0:
15Using the strategy followed in this section, other forms of the tax function could be

analyzed.
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Let R be the set of regular economies

Proposition 23 R is an open and full measure subset of 
.

To show the above proposition, we need to preliminary show that F is dif-
ferentiable at least in a neighborhood of F�1 (0). In fact, both the tax functions
and the functions min

�
m0
h; �h

	
are not (necessarily) di¤erentiable. To solve the

problem related to the tax functions either we simply strengthen Assumption
21, requiring bts to be di¤erentiable, or for a more speci�c form of the function
itself we have to show the following condition holds true.16

Condition 24 There exists an open and full measure subset D� of 
 such that
8s � 1;8! 2 D�and 8� 2 � such that F (�; !) = 0 it is the case that bts = ets in
a small enough neighborhood of (�; !) and ets is di¤erentiable.
The main Lemma needed to prove Proposition 23 is presented below.

Lemma 25 For each u 2 U , there exists an open and full measure subset D�� of

 such that 8! 2 D��, 8� such that F (�; !) = 0 and 8h 2 H, either m0

h > 0 or
�h > 0.

Proofs of both Lemma 25 and Proposition 23 use the same strategy
adopted in the corresponding results in next sections (see Lemma 26 and Propo-
sition 29 ) and they are therefore omitted.

4 Non-neutrality of Monetary Policy for the Piece-
wise Linear Tax Function

The possibility of showing e¤ectiveness of planner intervention is prevented by
the generality of the tax functions described in the previous sections. Several
choices of a more speci�c function could be analyzed following the strategy
presented below. For the sake of simplicity, we analyze the case of one of the
most commonly used tax schedules: the piecewise linear function described in
(1), i.e.,

bts (ps; esh; ts; ws) = max
(
ts0p

sesh;
k�1X
k0=0

tsk0
�
wsk0+1 � wsk0

�
+ tsk (p

sesh � wsk) for k 2 f1; :::;Ksg
)

Just to make notation su¢ ciently readable we take K = 2 (and we set, for
s � 1, ws � ws1) . In subsection 4.1, we check that Condition 24 holds; in
subsection 4.2, we prove the Pareto improving result.

16That latter strategy is used in Section 4.1.
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4.1 Generic Regularity

The (numeraire) equilibrium system is the following one.

Dxhuh(xh)� �h�(p) = 0
�p0(x0h � e0h)� qsm

�
m0
h � e0mh

�
� qbh = 0

�ps(xsh � esh) + qsm
�
m0
h + e

sm
h + ysbh

�
�max fts0psesh; qsm (ts0 � ts1)ws + ts1pseshg = 0 s � 1

�hRm = 0
�heqm + �h = 0
minf�h;m0

hg = 0PH
h=1(x

n
h � e

n
h) = 0PH

h=1 bh = 0PH
h=1(m

0
h � e

0;m
h ) = 0PH

h=1 q
sm(m0

h + e
s;m
h )�

PH
h=1max fts0psesh; qsm (ts0 � ts1)ws + ts1pseshg = 0 s � 1

(10)
As in the previous section, we want to show the set of regular economies, as

de�ned there, is an open and full measure subset of 
. Therefore, we have to
preliminary show the following statement.
Generically in the space 
, 1. households are not border line cases with

respect to the demand of money (i.e., it is not the case that m0
h = 0 and

�h = 0), and 2. they are not at a kink of the tax function.
The main idea to get the above result is to introduce �ctitious models whose

collections of equilibrium sets contain the equilibria we are investigating. This
idea is formalized in Cass, Siconol� and Villanacci (2001). That contribution
deals with a model in which only border line cases with respect to the demand
of money can arise. In the case of piecewise linear tax functions that idea simply
specializes in what follows: for each state s � 1, consider as exogenously given
the sets of households which are in each tax class. To formalize the above idea
we need some de�nitions and notation.
Consider the set P2 (H) of all partitions of H into two subsets. For each

element (fHs0;Hs1g)
S
s=1 2 (P2 (H))

S , we can de�ne a �ctitious model imposing
that, in each state s, irrespectively of each household h�wealth, she pays taxes
in that state according to the �rst (respectively, second) component of the tax
function if h 2 Hs0 (respectively, Hs1).
More precisely 8s � 1

if h 2 Hs0, then bts (ps; esh; ts; ws) = ts0p
sesh

and

if h 2 Hs1, then bts (ps; esh; ts; ws) = qsm (ts0 � ts1)ws + ts1psesh
We also de�ne Hs

k � #Hsk, for k 2 f0; 1g and s � 1.
De�ned

eesmh �

8<: esmh if h 2 Hs0

esmh + (ts1 � ts0)ws if h 2 Hs1

17



the equilibrium system associated to (the �ctitious model) (fHs0;Hs1g)
S
s=1

can be written as follows.

Dxhuh(xh)� �h�(p) = 0
�p0(x0h � e0h)� q0m

�
m0
h � e0mh

�
� qbh = 0

�ps(xsh � esh) + qsm
�
m0
h + eesmh + ysbh

�
� ts0psesh = 0 s � 1; if h 2 Hs0

�ps(xsh � esh) + qsm
�
m0
h + eesmh + ysbh

�
� ts1psesh = 0 s � 1, if h 2 Hs1

�hRm = 0
�heqm + �h = 0
minf�h;m0

hg = 0PH
h=1(x

n
h � e

n
h) = 0PH

h=1 bh = 0PH
h=1(m

0
h � e

0;m
h ) = 0

qsm
�P

h02Hs
0
(m0

h0
+ esmh0 ) +

P
h12Hs

1

�
m0
h1
+ esmh1 + (t

s
1 � ts0)ws

��
+

�
�P

h02Hs
0
ts0p

sesh0 +
P

h2Hs
1
ts1p

sesh1

�
= 0

s � 1

It is also convenient to rewrite the equilibrium system as follows. Consider
the set

J � f0; 1gS

with generic term j, and PJ (H) as the set of all partitions of H, where each
partition has cardinality #J = 2S . For each element fHjgj2J 2 PJ (H) we can
de�ne a �ctitious model imposing that

if h 2 Hj , s � 1, and the s-th component of j is equal to k,
then h pays taxes�
ts0p

sesh if k = 0
qsm (ts0 � ts1)ws + ts1psesh if k = 1

Let hj be a generic element of Hj and de�ne tj �
�
tsj
�S
s=1

where

tsj �
�
ts0 if s-th component of j is 0
ts1 if s-th component of j is 1

and

eesmhj �
8<:

esmhj if s� th component of j is 0

esmhj + (t
s
1 � ts0)ws if s� th component of j is 1

Then the equilibrium system associated to (the �ctitious model) fHjgj2J
can be written as follows.

18



(hj :1) Dxhj
uhj (xhj )� �hj�(p) = 0

(hj :2)
�p0(x0hj � e

0
hj
)� q0m

�
m0
hj
� e0mhj

�
� qbhj = 0

�ps(xshj � e
s
hj
) + qsm

�
m0
hj
+ eesmhj + ysbhj�� tsjpseshj = 0 s � 1

(hj :3) �hjRm = 0
(hj :4) �hj eqm + �hj = 0
(hj :5) minf�hj ;m

0
hj
g = 0

(M1)
PH

hj=1
(x
n
hj
� enhj ) = 0

(M2)
PH

hj=1
bhj = 0

(M3)
PH

hj=1
(m0

hj
� e0;mhj ) = 0

(M4)
P

j2J
P

h2Hj
qsm(m0

h + eesmh )�
P

j2J
P

h2Hj
tsjp

sesh = 0 s � 1
(11)

To simplify notation, denote by i a generic element of PJ (H) and by F i (�; !)
the left hand side of system (11) above.
We now repeat the above strategy to deal with border line cases with respect

to the demand of money. Let P be the family of all partitions of H into three
subsets H1;H2 and H3, with H3 6= ;. In the equilibrium system (10), in place
of minfm0

h; �hg = 0 substitute �h = 0 for h 2 H1, m0
h = 0 for h 2 H2, and

m0
h = 0 and �h = 0 for h 2 H3.
De�ne

F iH1;H2;H3
: �� 
! Rdim�+#H3

as the function which associates the left hand side of the �ctitious i equilibrium
system modi�ed as explained above.
Observe that given an arbitrary (�; !) 2 F�1 (0), we can de�ne endogenously

i (�; !) and H1 (�; !) ;H2 (�; !) ;H2 (�; !) in the obvious way. Then

(�; !) 2
�
F
i(�;!)
H1(�;!);H2(�;!);H2(�;!)

��1
(0)

All the above discussion allows us to conclude that

each F iH1;H2;H3
is di¤erentiable on all its domain (12)

and

F�1 (0) � [i2PJ (H);fH1H2H3g2P
�
F iH1;H2;H3

��1
(0) (13)

and also 8! 2 
, (F!)�1 (0) � [i2PJ (H);fH1H2H3g2P

�
F iH1;H2;H3j!

��1
(0).

We now present the strategy of the proof that border line cases and kinks of
the tax function are �rare�.
Border line cases.
De�ne the sets

BiH1;H2;H3
� f! 2 
 : 9� such that F iH1;H2;H3

(�; !) = 0g
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C �
�
(�; !) 2 F�1 (0) : 9 h such that m0

h = �h = 0
	

D� � 
 n pr (C)

By de�nition of D�, 8! 2 D� and 8� such that F (�; !) = 0,

8h 2 H, either m0
h > 0 or �h > 0

De�ne also
Bm � [i2PJ (H);fH1H2H3g2PB

i
H1H2H3

By de�nition of Bm, each economy ! for which an equilibrium is such that
some household is at a border line in contained in Bm.
Then17

D� � 
 nBm (14)

Observe that since BH1;H2;H3
is of measure zero, [

fH1;H2;H3g2P
BiH1;H2;H3

is of measure zero as well. Observe also the for any fH1;H2;H3g 2 P and
8h3 2 H3, we have that BiH1;H2;H3

� BiH1;H2;fh3g. Therefore, it is enough to
show that

BiH1;H2;fh3ghas measure zero (15)

Kinks of the tax function.
De�ne F i� � F ijD� . Consider the family F of all subsets of H. De�ne

eF � nfHsgSs=1 2 FS : 9s such thatHs 6= ;o
De�ne F i�fHsgSs=1

as the equilibrium function in the �ctitious model i with the

following appended equations

8s;8h 2 Hs, psesh � ws

For each fHsgSs=1 2 eF , de�ne
BifHsgSs=1

�
n
! 2 
 : 9� 2 � such that F i�fHsgSs=1

(�; !) = 0
o

Observe that BifHsgSs=1
is the set of equilibria of �ctitious model i where, for

each s � 1, households in Hs are at a kink of the �true�tax function in state s.
De�ne

C 0 �
�
(�; !) 2 F�1 (0) : 9 h; s � 1 such that psesh � ws = 0

	
and

D�� � D� n pr (C 0)
17We cannot use the equality sign in (14), because BH1;H2;H3

contains economies ! such
that FH1;H2;H3

(�; !) = 0 and for which some components m0
h and �h of � may be negative,

and some househods pay a tax which is not that one of the tax class they belong to.
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By de�nition of D��, 8! 2 D�� and 8� such that F (�; !) = 0,

8h;2 H, s � 1 psesh � ws 6= 0 and
8h 2 H, either m0

h > 0 or �h > 0

De�ne
Bt � [i2PJ (H);fHsgSs=12FSBifHsgSs=1

Using the standard approach we can show that the sets BifHsgSs=1
, and

therefore Bt, are closed and null. Then

D�� � D� nBt (16)

Finally observe that for any i 2 PJ (H), for any fHsgSs=1 2 eF , for any s � 1
such that Hs 6= ; and for any hs 2 Hs,

BifHsgSs=1
� BifHs0�gS

s0=1

where

Hs
0� �

8<: ; if s0 6= s

fhsg if s0 = s

Therefore, it is enough to show that

BifHs0�gS
s0=1

has measure zero (17)

Lemmas 26 and 27 below show that both conditions (15) and (17) hold. Both
of them deal with the Jacobian of F iH1;H2;H3

. The needed notation is presented
in Appendix �Notation for the Jacobian of the equilibrium function�.

Lemma 26 BiH1;H2;fh3ghas measure zero.

Proof. That BiH1;H2;fh3g is of measure zero follows from the parametric
transversality theorem - see, for example, Hirsch (1976), Theorem 2.7, page 79
- and from the fact that zero is a regular value for F iH1;H2;fh3g. The basic idea
of the proof is to use (the column of the derivative of F iH1;H2;fh3gwith respect

to esmh , multiplied by 1
qsm ) to partially �clean� the column of the derivative

with respect to es1h . Then the proof is similar to the analogous proof in Cass,
Siconol� and Villanacci (2001).

Lemma 27 BifHs0�gS
s0=1

has measure zero.

Proof. To �x ideas take s = 1 and h = hj1 . Using the rank result in the
previous lemma, it is enough to show that the partial Jacobian of the left hand
sides of the following equations in system (11)

(hj1 :2) ; (hj2 :2) ; (M1) ; (M3) ; (M:4)
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and of the appended component

p1e1hj1 � w
1

with respect to the following variables�
e�hj1 ; e

m
hj1
; e�hj2 ; e

n
hj2
emhj2

�
has full row rank. That matrix is displayed below.

266666664

dg (1� tj1) dg (qm)

dg (1� tj2) 	
n
phj2

dg (qm)

�I
�10 �10

�dg (tj1) 0 dg
�
q1m

�
�dg (tj2)  

n
0hj2

0 dg
�
q1m

�
010

377777775
and it can be shown to have full rank through elementary columns opera-

tions.
We need also the following Lemma.

Lemma 28 pr : F�1 (0)! 
, (�; !) 7! ! is proper.

Proof. The proof follows the same steps as Lemma 19.
The de�nition of regular economies presented in the previous section applies

to the model with piecewise linear functions. De�ne R0 that set. We want then
to prove the following Proposition.

Proposition 29 R0 is an open and full measure subset of 
.

Proof. The result follows from the Transversality theorem and the fact that
the image of a closed set via a proper function is closed. Besides existence the-
orem 20, the proof uses Lemmas 26, 27 and 28, and the construction described
in this section which leads to conditions 12 and 13.

Remark 30 Consider a partition of any Hj into two arbitrary subsets H1j
and H2j. For our purposes (proof of other generic properties and possibility of
Pareto improvements as de�ned in next section), the above proposition allows
to make statements about the (non-di¤erentiable) function F using the family
of functions bFfH1j ;H2jgj2J : ��R

0 � T �W � U ! Rdim�

where bFfH1j ;H2jgj2J (�; !; t; w; u) is the left hand side of system (11), with

equation (hj :5) substituted by �h = 0 if h 2 H1j and m0
h = 0 if h 2 H2j.

With some innocuous abuse of notation, we call still bF the generic element
of the above equilibrium functions.
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The following lemma is needed in the proof of (Case 2 in) Theorem 32.

Lemma 31 There exists an open and dense subset D� of R0�T �W �U such
that 8 (!; t; w; u) 2 D�

1 and � such that bF (�; !; t; w; u) = 0, it is the case that

1 6= 0, where 
1is

1�
P

s
qsm

q0m
1P

h02H0
ts0e

s2
h0
+
P

h12H1
ts1e

s2
h1

�

�
�P

h02H0

�sh0
�0h0

�
xs2h0 � e

s2
h0
+ ts0e

s2
h0

�
+
P

h12H1

�sh1
�0h1

�
xs2h1 � e

s2
h1
+ ts1e

s2
h1

��
Proof. In the proof, since we take derivatives both with respect to ts0 and

ts1;we obviously assume that Hs0 6= ; and Hs1 6= ;. If that is not the case, the
proof follows the same strategy, and it is explained in detail in del Mercato and
Villanacci (2003).
The openness results follows from the properness of the projection from the

equilibrium manifold to the parameter space. The density result follows from a
repeated application of the transversality theorem to the function bF with some
extra component appended to it. For l 2 f1; :::; 4g, in Step l below, we show
that zero is a regular value for

� bF ; 
l�. A needed condition to show that is

that the derivative of 
lwith respect to a well chosen component of (�; !; t) is
di¤erent from zero. Therefore in Step l+1 we show that zero is a regular value

for
� bF ; 
l+1� where if 
l+1 6= 0, then that derivative is di¤erent from zero

Step 1. There exists an open and dense subset D�
1 of R0 � T such that

8 (!; t) 2 D��
1 and � such that bF (�; !; t; w; u) = 0, 
1 6= 0.

The relevant Jacobian is obtained taking derivatives of the left hand sides
of the following equations in system (11)

(hj1 :2) ; (hj2 :2) ; (M1) ; (M3) ; (M:4)

and of the appended component


1

with respect to the following variables�
e�hj1 ; e

n
hj2
; emhj1 ; e

�
hj2
; e
n
hj2
; emhj2 ; t0; t1

�
and it displayed below.182666666666664

dg (1� tj1) 	
n
phj1

dg (qm) 0
dg v0hj

0
dg v1hj

dg (1� tj2) 	
n
phj2

dg (qm) 0
dg v0hj

0
dg v1hj

�I �I
�10 �10

�dg (tj1)  
n
0hj1

0 dg
�
q1m

�
�dg tj2  

n
0hj2

0 dgq1m Nt0 Nt1

� � � 
2

3777777777775
18A � entry in a matrix denotes a non-zero submatrix.
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Using the supercolumn of (esmh )
S
s=1 to erase the supercolumn of t1, as ex-

plained in Remark 33 in the Appendix, we get2666666666664

dg (1� tj1) 	
n
phj1

dg (qm) 0
dg v0hj

dg (1� tj2) 	
n
phj2

dg (qm) 0
dg v0hj

�I �I
�10 �10

�dg (tj1)  
n
0hj1

0 dg
�
q1m

�
�dg tj2  

n
0hj2

0 dgq1m Nt0

� � � 
2

3777777777775
and then t1 can be used to perturb the last equation, as long as 
2 6= 0, as

shown below.
Step 2. There exists an open and dense subset D�

2 of D
�
1 such that 8 (!; t) 2

D�
2 and � such that bF (�; !; t) = 0, 
2 6= 0.

2 �

@
1
@ts1
6= 0 if the following quantity is di¤erent from zero:�P

h12H1

�sh1
�0h1

es2h1

��P
h02H0

ts0e
s2
h0
+
P

h12H1
ts1e

s2
h1

�
+

�
�P

h12H1
es2h1
��P

h02H0

�sh0
�0h0

�
xs2h0 � e

s2
h0
+ ts0e

s2
h0

�
+
P

h12H1

�sh1
�0h1

�
xs2h1 � e

s2
h1
+ ts1e

s2
h1

��
The relevant Jacobian is the following one.2666666666664

dg (1� tj1) 	
n
phj1

dg (qm) 0
dg v0hj

0
dg v1hj

dg (1� tj2) 	
n
phj2

dg (qm) 0
dg v0hj

0
dg v1hj

�I �I
�10 �10

�dg (tj1)  
n
0hj1

0 dg
�
q1m

�
�dg tj2  

n
0hj2

0 dg
�
q1m

�
Nt0 Nt1

� � 
3

3777777777775
Again from Remark 33, we get2666666666664

dg (1� tj1) 	
n
phj1

dg (qm) 0
dg v1hj

dg (1� tj2) 	
n
phj2

dg (qm) 0
dg v1hj

�I �I
�10 �10

�dg (tj1)  
n
0hj1

0 dg
�
q1m

�
�dg tj2  

n
0hj2

0 dg
�
q1m

�
Nt1

� � 
3

3777777777775
We can then use ts0 to perturb the last row, as long as 
3 6= 0, as shown

below.
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To be able to prove the above statement, we have now to introduce a linear
local parameterization of the utility function of each household. For any uh 2 U
and for any household h, consider a �h �

�
(�sch )

C
c=1

�S
s=0
2 RG. For any h;de�ne

euh (:; �h) : RG++ ! Reuh(xh; �h) � �uh(xh) + 1
2�h(xh)�hxh

where �h is a bump function centered around an equilibrium allocation (see
Citanna, Kajii and Villanacci (1998), for details). For each h, there exists an
open neighborhood A0h of 0 2 RG such that for each �h 2 A0h we have thateuh (:; Ah) 2 Uh .
Step 3. There exists an open and dense subset D�

3 of D
�
2 � U such that

8 (!; u) 2 D�
3 and � such that bF (�; !; u) = 0, 
3 6= 0:


3 �
@
2
@t0 6= 0 if the following quantity is di¤erent from zero: X
h12H1

�sh1
�0h1

es2h1

! X
h02H0

es2h0

!
�
 X
h12H1

es2h1

! X
h02H0

�sh0
�0h0

es2h0

!

Using the proposed local �nite parameterization of the utility function, the
result is straightforward.
Step 4. There exists an open and dense subset D�

4 of D
�
3 � U such that

8 (!; u) 2 D�
4 and and � such that bF (�; !; u) =, it is the case that 
4 6= 0, where


4 �
@
3
@es2h1

=
�sh1
�0h1

 X
h02H0

es2h0

!
�
 X
h02H0

�sh0
�0h0

es2h0

!
=
X
h02H0

 
�sh1
�0h1
�
�sh0
�0h0

!
es2h0

The proof is similar to that one of Step 2, and requires that 8s; s0 � 1; s 6= s0

and 8h; h0; h 6= h0


5 �
�sh
�s

0

h

� �sh0

�s
0

h0
6= 0

i.e., the standard condition of Pareto ine¢ ciency, which can be easily proved in
our framework.

4.2 Pareto Improvements

To prove the main result of this section, we use the following general method-
ology described, for example, in Citanna, Kajii and Villanacci (1998) and in
Chapter 15 in Villanacci and others (2002).

1. Starting from the equilibrium function F (�; !; t; w; u), we de�ne a new
equilibrium function F1 (�; !; t; w; u), taking into account the planner�s
intervention e¤ects on agents behaviors via some policy tools � 2 RT ,
and a function F2 (�; !; t; w; u), describing the constraints on the planner
intervention. We then consider a function eF � (F1; F2) whose zeros are
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equilibria with planner�s intervention. We can partition the vector � of
tools into two subvectors �1 2 RT�T2 and �2 2 RT2 , where �1 can be
interpreted as the vector of independent tools and �2 as the vector of
dependent tools.

In our chosen type of intervention there are no constraints on planner
intervention and no dependent tools.

2. We observe that there is a value � at which equilibria with and without
planner�s intervention coincide.

3. We de�ne the function U (�; !; t; w; u) = u (x), and we analyze the local
e¤ect of a change in � around � on U when its arguments assume their
equilibrium (with planner intervention) values.

To accomplish the analysis described in 3., we proceed through the fol-
lowing technical steps.

(a) As a consequence of Proposition 29 and, also keeping in mind the
needed Lemma 31, we know that 8 (!; t; w; u) 2 D� there exists a
neighborhood N of � and a unique C1 function h (�) de�ned on N ,
such that for � 2 N

eF (� (�) ; � ; !; t; w; u) = 0
The function h describes how equilibrium variables and dependent
tools adjust to changes in planner�s tools � . Then the function

g(!;t;w;u) : N ! RH ; � 7! U (� (�) ; � ; !; t; w; u)

describes how the goal function changes when the planner uses her
policy tools � and variables move in the equilibrium set de�ned byeF .

(b) The goal of the analysis is to show that there exists an open and dense
subset S� � 
� T �W � U such that for each (!; t; w; u) 2 S�, the
planner can �move�the equilibrium value of the goal function in any
directions locally around g(!;t;w;u) (�), the value of the goal function
in the case of no intervention. More formally, we need to show that
g(!;t;w;u) is essentially surjective at � , i.e., the image of each open
neighborhood of � contains an open neighborhood of g(!;t;w;u) (�) in
RH .

(c) A su¢ cient condition for g(!;t;w;u) to satisfy the above described con-
dition is that

rank
�
D�g(!;t;w;u)(�)

�
H�H = H (18)

(d) The above statement holds in an open and dense subset S� of 
 �
T �W � U if for each (!; t; w; u) 2 S� the following system has no
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solutions (�; c) 2 �� Rdim�+H :8><>:
F (�; !; t; w; u) = 0 (1)

cT
h
D(�;�)

� eF ;G� (�; � ; !; t; w; u)i = 0 (2)

cT c� 1 = 0 (3)

(19)

i. Openness of S�: It follows from the properness of the projection.
ii. Density of S�. We rede�ne the functions F; eF ;G replacing U in
their domain with a open ball bA in a �nite Euclidean space with
generic element a � (ah)

H
h=1, consistently with the local �nite

parametrization of the utility functions described in Citanna,
Kajii and Villanacci (1998)19 . Call bFA; eFA; GA the functions so
obtained and de�ne F �A (�; !; t; w; a) = 0 as8><>:

FA (�; !; t; w; a) = 0 (1)

cT
h
D(�;�)

� eFA; GA� (�; � ; !; t; w; a)i = 0 (2)

cT c� 1 = 0 (3)
(21)

We are then left with showing that 0 is a regular value for F �A,
i.e., either
A.

F �A (�; !; t; w; a) = 0 has no solutions (�; c)
for all values of (!; t; w; a), or in an open and dense subset of 
� T �W � bA

(22)
or

B. for each (�; !; t; w; a) 2 (F �A)
�1
(0), the Jacobian matrix

DF �A ((�; !; t; w; a)) =

264 D�FA (�; !; t; w; a)

�
h
D(�;�)

� eF ;GA� (:::)iT N (c)

c

375
has full row rank. Since from generic regularity, D�FA has
full row rank in an open and dense subset of the parameter
space, in order to show the above condition, it is enough to
show that

for each (�; !; t; w; a) 2 (F �A)
�1
(0) ;" h

D(�;�)

� eF ;GA� (:::)iT N (c)

c

#
has full rank

(23)

19Take (uh)
H
h=1 2 U . Let Ah be the set of G � G symmetric matrices. Take Ah 2 Ah.

Then the used �nite parameterization iseuh (:; Ah) : RG++ ! Reuh(xh; Ah) � �uh(xh) +
1
2
�h(xh)

P
k[
�
xh � �xkh

�
Ah

�
xh � �xkh

�
]

(20)

where �h is a C
1bump function centered around each equilibrium.
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We can now present the planner intervention.
Our choice of policy tools is simply a subsidy or tax �h of money on household

h for each household in period zero. Then � � (�h)
H
h=1 2 RH and, in fact, �h is

a subsidy if positive and a tax if negative.
Observe that since the production of money is costless, there is no require-

ment on the total amount of subsidy. Therefore, we do not require the total
amount of subsidies

PH
h=1 �h to be equal to zero, as in the case of reallocation of

a given good among households, and therefore no further intervention is needed
in period 1.
The equilibrium system taking into consideration the planner intervention

is the following one.

(hj :1) Dxhj
uhj (xhj )� �hj�(p) = 0

(hj :2)
�p0(x0hj � e

0
hj
)� q0m

�
m0
hj
� e0mhj � �h

�
� qbhj = 0

�ps(xshj � e
s
hj
) + qsm

�
m0
hj
+ eesmhj + ysbhj�� tsjpseshj = 0 s � 1

(hj :3) �hjRm = 0
(hj :4) �hj eqm + �hj = 0
(hj :5) minf�hj ;m

0
hj
g = 0

(M1)
PH

hj=1
(x
n
hj
� enhj ) = 0

(M2)
PH

hj=1
bhj = 0

(M3)
PH

hj=1
(m0

hj
� e0mhj � �h) = 0

(M4)
P

j2J
P

h2Hj
qsm(m0

h + eesmh )�
P

j2J
P

h2Hj
tsjp

sesh = 0 s � 1
(24)

De�neeF : �� RH � 
� U ! Rdim�; eF : (�; �; !; u) 7! (Left Hand Side of 24)

We are now ready to state the main result of this section.

Theorem 32 For an open and dense subset S� of the set of the economies
(!; t; w; u), at any equilibrium �0; the function g is essentially surjective at 0:
That is, there exists a vector of money subsidies (or taxes) which allows to
Pareto improve (or impair) upon the equilibrium �0.

The proof of the theorem consists in showing that either condition (22)
or (23) hold consistently with di¤erent values of c and it is presented in the
Appendix �Proof of Theorem 32�.

5 Appendices

5.1 Notation for the Jacobian of the Equilibrium Function

In what follows, we introduce the matrix notation needed to write the Jacobian
of the equilibrium function. We group notation in terms of the variables we
di¤erentiate with respect to.
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Prices of goods

�̂h =

26664
0C�1

��0hIc�1
... ...

...
... ... 0C�1

��0hIC�1

37775
G�[G�(S+1)]

Z
n
hj
�

26664
�(x0nhj � e

0n
hj
)

�(x1nhj � e
1n
hj
)� t1je

1n
hj

�(xSnhj � e
1n
hj
)� tSj e

Sn
hj

37775 �

�

26664
�z0nhj

�ez1nhj
�ezSnhj

37775
(S+1)�[G�(S+1)]

�
"
�z0nhj eZ1nhj

#

�
0jEn

�
�

�

26664
0C�1 �

�P
h02H1

0
t10e

1n
h0
+
P

h12H1
1
t11e

1n
h1

�
. . .

�
�P

h02HS
0
tS0 e

Sn
h0
+
P

h12HS
1
tS1 e

Sn
h1

�
37775 �

�

264 0C�1 �
�
�1c
�
c6=1

. . .
�
�
�Sc
�
c6=1

375
S�[G�(S+1)]

Prices of money

Y�1h �
��
diag �1h

�
Y
�
S�I =

24 �1hy
11 �1hy

1I

�Shy
S1 �Shy

SI

35

D � diag
 

HX
h=1

(m0
h + eesmhj )

!S
s=1

= diag

0@X
j2J

X
h2Hj

tsjp
sesh

1AS

s=1

fMhj �
" �
�m0

hj + e
0m
hj

�
diag

�
m0
hj + eesmhj + ysbhj�Ss=1

#
�

�
" em0

hj

diag
� ems

hj

�S
s=1

#
(S+1)�(S+1)

29



Endowments of goods

	
n
phj
�

2664
p0n �

1� t1j
�
p1n

::: �
1� tSj

�
pSn

3775
(S+1)�[G�(S+1)]

	�phj � diag (1� tj)

where tj �
�
tsj
�S
s=0

and t0j � 0.

	
n
0hj
�

24 �t1jp1n :::
�tSj pSn

35
S�[S(C�1)]

	�0hj � diag (�tj)

Tax parameters

v0hj �
�
v0shj

�S
s=1

; v1hj �
�
v1shj

�S
s=1

and

v0shj �
�
�pseshj if s-th component of j is 0
�qsmws if s-th component of j is 1

v1shj �
�
0 if s-th component of j is 0
qsmws � pseshj if s-th component of j is 1

Nt0 � diag

0@�qsmHs
1w

s � ps
X
h02Hs

0

esh0

1AS

s=1

Nt1 � diag

0@qsmHs
1w

s � ps
X
h12Hs

1

psesh1

1AS

s=1

Remark 33 Observe that sinceX
j

X
hj2Hj

v0shj = �
X
h02Hs

0

psesh0 �H
s
1q
smw

X
j

X
hj2Hj

v1shj = �
X
h12Hs

1

psesh1 �H
s
1q
smw

we have also that X
j

X
hj2Hj

diag v0hj = Nt0
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X
j

X
hj2Hj

diag vshj = Nt1

The above observation allows to sum up the columns of e1mh (multiplied by the
appropriate expression) to the supercolumns of t0; t1 and erase all those columns.

Other symbols.

eI �
0BBBB@
[0IC�1]

. . .
. . .

[0IC�1]

1CCCCA
for each h; �1h � (�sh)

S
s=1

5.2 Proof of Theorem 32

De�ne c �
�
(cxh ; c�h ; cbh ; cm0

h
; c�h)

H
h=1; cpn ; c

m
q ; cq; (ch)

H
h=1

�
2 Rdim�+H . First

of all observe that the desired statement follows if we show that the following
system has no solutions. 8><>:

cT
h
D�;�

bFA; GAi = 0
1
2c
0T c0 � 1 = 0

(25)

where c0 = (c1; :::; cH) 2 RH 20 . Therefore, it is enough to show that the partial
Jacobian of the left hand side of system 25 with respect to (c; a) has full rank.
That Jacobian is presented in the table below.

20Due to generic regularity, in the last equation of system (25), we need to consider only c0

instead of the all vector c.
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c
x
1

c
b
1

c
m
0 1

c
�
1

c
x
H

c
b
H

c
m
0 H

c
�
H

c
p
8

c
q

c
�
0 1

c
�
0 H

c
�
1 1

c
�
1 H

c
q
0
m

c
q
m
1

c
1

c
H

Â
1

Â
H

1
:1

D
2
u
1

~ I
T

p
0
T 0

0
�
�
T

D
u
1
T

N
c
x
1

1
:2

�
�

R
m

~q
m

1
:5

1

H
:1

D
2
u
H

~ I
T

p
0
T 0

0
�
�
T

D
u
H
T

N
c
x
H

H
:2

�
�

R
m

~q
m

H
:5

1
1

6
�
�̂
T 1

�
�̂
T H

�
z
0
n
T

1 0
�
z
0
n
T

H 0

0
Z
1
n
T

1

0
Z
1
n
T

H

0
E
8T

7
�
0 1
I
I

�
0 H
I
I

�
b
T 1

�
b
T H

8
�
0 1

�
0 H

�
~m
0 1

�
~m
0 H

1
:3

I
�
q

Y
T m

1
:4

1
�
q
0
m

q
m
1

1
q
1
m

H
:3

I
�
q

Y
T m

H
:4

�
q
0
m

q
m
1

1
q
1
m

9
Y
�
1 H

�
1
T

1
Y
�
1 H

�
1
T

H
f M 1

f M H
D

1
0
:1

q
0
m

�
1

1
0
:H

q
0
m

�
1

1
1

c
1

c
H

(2
6)
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In the �rst column of the table, we put the names of the corresponding row
of the Jacobian; in the �rst row of the table, the variables we di¤erentiate with
respect to. In fact, for simplicity, we consider just two households (household
1 and H) and we reorder the rows of the Jacobian under analysis to make
more transparent the rank computation described in Case 1 below. For each
h; N (cxh) is the partial Jacobian of the left hand side of the subsystem of
system (25) obtained multiplying cT times the partial Jacobian of the function� bFA; GA� with respect to xh. Since N (cxh) has full rank if and only if cxh 6= 0,
we have to distinguish some cases with respect to the values of (cxh)

H
h=1:

Case 1. For each h, cxh 6= 0; Case 2. For each h, cxh = 0; Case 3. There
exist h, h0 such that cxh 6= 0 and cxh0 = 0.
Case 1. For each h, cxh 6= 0.
In this case, we show that condition 23 holds. Preliminary observe that

the partial Jacobian of the left hand side of equations
h
(h:3)

H
h=1 ; (h:4)

H
h=1 ; (9)

i
with respect to

�
(c�h)

H
h=1 ; cqm

�
has full rank. We can then use the so called

perturbation method - see for example Villanacci and others (2002) - to show
that matrix (26) has full rank21 .

� (1:1) a1.

� (1:2) (cxs11 )
S
s=0  (1:1);

(1:1) a1.

� (1:5) cm0
1
 (1:2);

(1:2) (cxs11 )
S
s=0  (1:1);

(1:1) a1.

� (H:1) aH .

� (H:2) (cxs1H )
S
s=0  (H:1);

(H:1) aH .

� (H:5) c�H .

�
�
6n
�
 c

x
n
h

= (cxsch )c6=1  (h:1) ; (h:2), for some h;

(h:2) (cxs1h )
S
s=0  (h:1);

(h:1) aH .

21That method is nothing but a riformulation of the fact that elementary column and row
operations do not a¤ect the rank of a matrix.
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� [(7) ; (8)] 
�
cbH ;cm0

H

�
 (H:5) ; (H:2);

(H:5) c�H ;

(H:2) (cxs1H )
S
s=0  (H:1);

(H:1) aH .

�
h
(h:3)

H
h=1 ; (h:4)

H
h=1 ; (9)

i
 (c�1h)

H
h=1; cq0m ; cqm1  (h:1)

H
h=1 ;

�
6n
�
;�

6n
�
 c

x
n
1
= (cxsc1 )c6=1  (1:1) ; (1:2);

(1:2) (cxs;11
)Ss=0  (1:1);

(h:1)
H
h=1  (ah)

H
h=1.

� (10) (c�0h)
H
h=1  (h:1)

H
h=1 ; (6) ; (7) ; (8) ;

h
(h:3)

H
h=1 ; (h:4)

H
h=1 ; (9)

i
;

� [(7) ; (8)] 
�
cbH ;cm0

H

�
 (H:5) ; (H:2) ; (9);

(H:5) c�H ;
(H:2) (cxs;1H

)Ss=0  (H:1);

�
h
(h:3)

H
h=1 ; (h:4)

H
h=1 ; (9)

i
 (c�1h)

H
h=1; cq; cq0m ; cqm1  (h:1)

H
h=1 ;

�
6n
�
;�

6n
�
 c

x
n
h

= (cxsch )
S
c6=1;s=0  (h:1) ; (h:2), for some h;

(h:2) (cxs1h )
S
s=0  (h:1);

� (h:1)Hh=1  (ah)
H
h=1.

Since 1
2c
0c0 = 1, there is �h � H such that c�h 6= 0. Therefore,

� (11) c�h  
�
�h:1
�
;�

�h:1
�
 a�h.

Case 2. For each h, cxh = 0.
In this case, we are going to show that Condition 22 holds. Substituting in

matrix 25 the values of cxh and using �rst order conditions of the households�
problems we get a new system. It is in fact enough to consider a subsystem
of that one whose Jacobian is presented below; in the �rst column, we list the
names of equations and in the �rst rows, the variables we take derivatives with
respect to.
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S+1!
c
�01

:
c
�11

: :
c
�S1

S+1!
c
�0
H

:
c
�1
H

:
c
�S
H

S+1!
c
q0m

c
q1m

:
cqSm

H!
c1

cH

(1:1
new)
S+1

�1 �01

�1 �11

:::

�1 �S1

(H:1
new)
S+1

�1
�0
H

�1
�1
H

:::

�1
�S
H

(6:1:2)
S#

�ez121 �ez12
H

��12

(6:S:2) �ezS21 �ezS2
H

��S2

(H:4)

1
�qm0 q1m qSm 1 q1m qSm

(10:1)
H#

q0m �1

(10:H)
q0m

�1

(27)
where by (6new) we mean equations (6:s:2)Ss=1 in equations (6). Observe

that the above subsystem of system (19) is a system with the same number of
equations and unknowns, in fact, H (S + 1) + S + 1 + H. We want to show
that

�
(c�h ; ch)

H
h=1; cqm

�
= 0 is the only solution of the above system. Therefore,

from (c�1 ; cqm) = 0 and from equation (1:4) we have c�1 = 0 and then c = 0,
contradicting equation (11) in system (19).
Performing some elementary columns and row operations on the Jacobian

presented above, it is possible to show that its determinant is


1

�
qm; t;

�
xs2h ; e

s2
h

�
s=1;:::;S

h=1;::;H

�
� 1�

P
s
qsm

�s2

P
h
�shezs2h
�0hq

0m �

= 1�
P

s
qsm

q0m
1P

h02H0
ts0e

s2
h0
+
P

h12H1
ts1e

s2
h1

�

�
�P

h02H0

�sh0
�0h0

�
xs2h0 � e

s2
h0
+ ts0e

s2
h0

�
+
P

h12H1

�sh1
�0h1

�
xs2h1 � e

s2
h1
+ ts1e

s2
h1

��
which is shown to be di¤erent from zero in Lemma 31.
Case 3. There exist h, h0 such that cxh 6= 0 and cxh0 = 0.
In this case, we are going to use the following strategy. We �rst substitute

cxh = 0 in system (19). We then disregard some equations, being sure that
their number is still bigger than the number of unknown. We then show that

35



generically the new system has no solution, using transversality in a way which
is similar to that one used in Case 1.
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