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1 Introduction

The literature on general equilibrium with incomplete markets analyzed three
main properties of equilibria: existence, (generic local) uniqueness or indetermi-
nacy, and Pareto optimality - in the form of generic inefficiency and effectiveness
of Pareto improving planner intervention.

Most of the existing contributions studies models without (outside) money.
In this paper, we present a model with money and we investigate the above
mentioned three problems.!

In a classical general equilibrium model with or without complete markets,
all trades takes place between the individual and an abstract market.“The per-
fection and simplicity of the trade in the model preclude the role for money as
a facilitator of transactions.” (Starr (1989)) . In the absence of “imperfections”
which prevent people to barter goods, it is impossible to model money in a
consistent way. Quoting from Cass and Shell (1980),

“..It is obvious (and well known) that money cannot have a positive price - that
is, cannot be a store of value - in a conventional finite horizon-model in which the “end
of the world” is known with certainty. The reason is simple. At the end of the last
period, money is worthless. Therefore, in the next-to-last period, all individuals desire
to dispose of money in order to avoid capital losses. This drives the price of money to
zero at the end of the next-to-last period. And so on. Individual with foresight, not
wanting to be stuck with the monetary “hot potato”, thus drive the price of money to
zero in each period.”

In the recent literature, several ways have been chosen to solve the above
mentioned “hot potato ” problem.?

First of all, one could assume an infinite horizon model characterized either
by overlapping-generations or infinitely-lived consumers.

If one insists in keeping a model with a finite number of periods, some
alternatives are possible. The simplest one is to make money another argument
of the consumers’ utility function, a device which basically denies the very nature
of the puzzle of giving positive price to a “worthless” commodity.

Another approach consists in imposing a cash-in-advance constraint. The
idea, due to Clower (1967), amounts to introduce an external agent who ex-
changes goods for money and money for goods®; the act of buying and the act
of selling are separated and every exchange must involve transactions of money.

Finally, following Knapp (1905) and Lerner (1947), one can assume that
in the first period of time, consumers are endowed with some money by the
government, and in the last period they have to pay taxes using money.

Observe that both the cash-in-advance and the tax models seem to replace a
problem (hot potato for consumers) by another one (hot potato for the “govern-

LAs explained below, we analyze the case in which money is used to pay taxes. In a
companion paper, we consider the case of cash-in-advance models - see del Mercato and
Villanacci (in progress).

2For a discussion of recent contributions on this topic, see Starr (1989) and Magill and
Quinzii (1996).

3 A formal analysis of the model is presented in Magill and Quinzii (1992) and (1996).



ment”). As Magill and Quinzii (1996, page 443) say “If money has no value to
agents in the private sector, why should it have any value to the government?”.

A natural answer consistent with a favorable view of the role of government is
that money can be used for policy purposes. Government introduces money be-
cause it can be used to decrease the inefficiency of equilibria in a world with some
imperfection - say incomplete markets. That observation leads to the core of
the long-standing debate on neutrality of money: Is the real side of the economy
independent of monetary policy?* More precisely, in an a general equilibrium
model with incomplete markets, finite horizon and rational expectations, can
monetary policy change equilibrium allocations and/or Pareto improve upon
them?

The effects of non-monetary policies have been widely studied in the litera-
ture.

Geanakoplos and Polemarchakis (1986) have shown that generically, a plan-
ner may Pareto improve upon the competitive outcome by assigning asset port-
folios, reallocating initial endowments in period zero among households, and
closing financial markets. Their proof requires also an upper bound on the
number of households.

Citanna, Kajii and Villanacci (1998) have shown that planner intervention is
typically successful if she reallocates the numeraire good among all households
in period zero and among two households in one state in period one.

Some attention has also been paid to monetary policies.

Magill and Quinzii (1992) analyze an incomplete market model with cash-
in-advance money and show that generically in endowments and money supply
equilibria are locally unique; they also show that if assets markets are incom-
plete, local changes in money supply translate in a degree of indeterminacy of
equilibria equal to the number of states in the second period minus one, as long
as the number of household is bigger than the number of assets.

Carosi (2001) analyzes a model with restricted participation, and propor-
tional taxes and shows that a planner can Pareto improve if she can tax one
household in each state in the final period of time (and if the number of states
there is not smaller than the number of households).

Tirelli (2003) shows that a planner can Pareto improve in a model with a
one-good per spot, incomplete markets, production, taxes only on asset returns
and no outside money.

The above papers pay for the freedom of trading on financial markets - absent
in Geanakoplos and Polemarchakis (1986) with the need to use what could be
seen as a policy of “announcement” of taxes and transfers: credibility of such
announcement can be questioned.

Can a planner redistribute wealth only in period zero, leave all markets open
and Pareto improve?

The present paper analyzes a model with incomplete markets and money

4For a brief and clear summary of the main aspect of the controversy, see pages 429-430 in
Magill and Quinzii (1996).



used to pay taxes® for which the answer to the above question is positive, without
imposing any upper bound on the number of households.

Citanna, Polemarchakis and Tirelli (2002) also answer positively to the above
question in a standard model with incomplete financial markets. Planner in-
tervention consists in imposing taxes on trades in assets, creating a difference
between purchasing and buying prices. That policy is therefore anonymous, in
the sense that is not household dependent. An upper bound on the number of
households is required in the proof.°

Another main reason of interest in a model with incomplete markets and
outside money is the analysis of the determinacy (or local uniqueness) of equi-
libria. It is well-known that if assets pay in abstract units of account, equilibria
exhibit a high” degree of indeterminacy. The basic intuition® behind that re-
sult is that different prices across states of nature lead to different purchasing
power of the nominal asset returns across those states and therefore they lead
to changes in the subspaces of income transfers achievable by the available asset
structure.”

It could be argued that , “ ... indeterminacy per se presents a severe prac-
tical hurdle for the rational expectation hypothesis. In short, is it plausible to
maintain that households are capable of concentrating their beliefs (correctly)
on one among a surfeit of possible market outcomes?”!?. Indeterminacy could
also be seen as a virtue of the model. When so many equilibria are possi-
ble, there is room for some institute (the government, worker unions, ...) to
“guide” the economy towards the choice of a particular equilibrium with desir-
able properties, without leading to any disruptive change of the functioning of
the economy.

Moreover, indeterminacy seems to suggest that there is an important element
which is missing in the model. Since “the reason” for indeterminacy is that the
future “price level” is not tied down, introducing outside money will eliminate
the problem.

While there is some basis for that conjecture, its validity depends on how
money is introduced. While in the cash-in-advance and proportional taxes mod-
els, equilibria are typically determinate, in the case of lump sum taxes actually
equilibria exhibit one more degree of indeterminacy. For the reasons suggested
above, we investigate the case of a gemeral tax function and we in fact show

5Villanacci (1991) and (1993) prove existence in models with money used to pay propor-
tional and lump sum taxes; moreover, generically in endowments in the former model equilibria
are locally unique, and in the latter one, equilibria exhibit a degree of real indeterminacy equal
to the number of states in the second period.

6The number of households has to be smaller or equal than both (the number of assets
minus 1) and (the difference between the number of states and the number of assets plus 1).

"The degree of real indeterminacy is equal to the number of states in the second period
minus one.

8The mathematical intuition is simply that in the system of equations defining the equi-
librium set, the number of relevant unknowns is bigger than the number of nonredundant
equations.

9For a discussion of the indeterminacy issue, see Magill and Quinzii (1996) or Villanacci
et Al. (2002) and further references there.

10Cass (1992), p. 264.



that equilibria are determinate as long as assets pay in units of money.

The paper is organized as follows. In section 2, we describe the set up of the
model. In section 3, we show existence of equilibria and generic regularity for the
case of general tax functions - see Assumption 6 and 21, respectively. In section
4, in the case of piecewise linear tax function, we prove that monetary policy
is not neutral: redistributing wealth in the first period can Pareto improve.
Finally, the Appendix contains some more technical notation and the proof of
the main theorem of section 4.

2 Set up of the model

There are two periods: today (period ¢ = 0) and tomorrow (period ¢ = 1).
Today there is one state of the world, denoted by s = 0. Tomorrow, S states of
the world are possible. Therefore, the set of all possible state of the world (also
called spots) is {0, 1, ..., S} with generic element s.

There are C' physical commodities or goods in each spot s denoted by super-
script ¢ € {1,...,C}. Good c in state s is denoted by superscript sc . In total,
there are G = C(S + 1) goods.

There are H households or consumers labelled by subscript h € {1,..., H} =
‘H with preferences described by utility function uy, : Rf L — R

There are [ assets or financial instruments labelled by superscript i € {1, ..., }.

Outside money differs from all the other goods because it does not enter
households’ utility functions, it has to be used to pay taxes, it can be stored
and it cannot be issued by households, i.e., its individual demand has to be
nonnegative.

Time structure is as follows. In period 0, households receive initial endow-
ments of goods and initial endowment of outside money; they exchange goods,
outside money and assets; finally they consume the goods they acquired. Then,
uncertainty is resolved and in period 1, one of S possible states of the world
occurs. In each of them, households receive other endowments of goods and of
outside money, assets pay their yields; households exchange goods and outside
money; finally they pay taxes using outside money and consume the goods they
acquired. At the end of the world, all money in the economy is taken away by
the government.

The notation we use is summarized below.

e ;¢ is the consumption of commodity c in state s by household h; z; =
c s

sc — (e R H H
(@5 )e=1, Th = (¥})5=0; T = (Tn)h—1 € R$+-
e ¢;¢ is the endowment of commodity c in state s owned by household h;
_ _ R H H
e, = (eic)cc:p €h = (ei)f:m e=(en)y=1 € R§+~

e mj is the demand of outside money by household h in spot s; we assume
that households cannot issue outside money, i.e., mj € Ry for all A and

S+1)H
simp = (m3)5_g; m® = (M5 m = (ma)fL, € REFDT,



e c;™ is the endowment of outside money owned by household A in state s;
i € B eff = (e € = (e, € RIGHD

e p°¢ is the price of one unit of commodity ¢ in state s; p* = (p*©)C_y;
p = (ps)fzo € Rf 4 prices of goods are expressed in units of outside
money.

e An asset 7 is described by an (S+1) dimensional vector (—q*, y%*, ..., y*%).
q" is the price of asset i; ¢ = (¢*)]_, € R’; prices of assets are expressed in
units of outside money. y* is the yield of asset ¢ in state s, expressed in
units of outside money; y* = (y*)_, € RL; Y = [y*!],; € M5, the set
of S x I matrices.

e Fors>1,# :RIxRxRY, xR, xRxR' - R,
Zs : (bh7m27ps7eiaezm7ys) — It\s (bhamgaps7627eim7ys)

is the tax to be paid by household & in state s; £ = (?S)Sszl. 1% is measured
in units of money.

e bi is the demand of asset i by household h; by, = (bi)f_;; b= (bp), €
RIH,

Assumption 1 For all h, uy, is C3, differentiably strictly increasing (i.e., Vay, €
RY.,, Dup(zp) > 0), differentiably strictly quasi-concave (i.e., Vy € RE\{0}
and Vxj € Rf+ such that Duy(zp)y = 0, we have y* D?*up,(xp)y < 0) 'L, and
Yu € R, clge{zy € Rf+ sup(zp) > u} C R%_.

The set of utility functions of household h which satisfy Assumption 1 is
denoted by U),. Moreover, U = xU), is endowed with the topology of the C3
uniform convergence on compact sets .

Remark 2 To show existence of equilibria, our strateqy of proof requires the
utility functions to be C2. We need C? utility functions in the proof of Theorem
32.

We make the following assumptions on the financial and tax structure of the
model.

Assumption 3 (Incomplete Markets) I +1 < S.
Assumption 4 (No redundancy) rank [1g | Y] =1+1.

The set of all matrices Y € M1 that satisfy Assumptions 3 and 4 is denoted
by M.

Assumption 5 1. Vh, €)™ > 0; Vh, s >1, eV +e5m > 0;
2.5 e >0, Vs> 1, S (D +eg™) > 0.

11Tp fact, in the proof of section 4, we need to assume that Vay, D2uh(sch) is negative
definite.



Condition 1 insures that households have a non-negative endowment of
money in each state - at worse saving some money from state zero to state
S.

Condition 2 requires some money to be available to pay taxes.

Assumption 6 For each s > 1, t* is a continuous function and satisfies the

following conditions.
1. Yh, s > 1 Fe® € (0,1) such that V(bh,mg,ps7ei,eim,y5) e R xR x
RY, x RY, x Rx R,

s (bn,mp, 0%, €5, 5™, y°) < (1—¢%) (pef, + e5™ + y°by + mj)
2a. Vs > 1, V(bh,mg,ps,ei,ezm,ys),
Z\S (bh,mg,ps,ei,eim,ys) >0
2b. Vs >1 Inp* € (0,1) such that ¥ (by,mY, p* €5, ei™, y*),

H H
ZtA b, mp,p* e ei™, y%) > n° Y (p°ep + e + ytby +m))
h=1 h=1
( er.ei’m, ys,bh,mg) is C? with respect to (bh,mg) and quasi-concave
in (bh?mh)
4a. Vs > 1, Fe*™ € (0,1) such that V(bh,mg,ps,eh,eh Y ), belongs
to a compact subset of R . _
4b Vs > 1,Vie{l,..,1},3% € (0,1) such that V(bh,m%,ps,ez,eim,ys),

belongs to a compact subset of R .

Bbl

Observe that p°ej +e;™ 4+ y°by, + mh is just the total wealth of household h
in state s > 1.

Assumption 6.1 is sufficient to insure that taxes are not so high to eat up
some household’s wealth in some state.

Assumption 6.2a requires in each state each household to be asked to pay
non-negative taxes; 2b that aggregate taxes are strictly positive - in fact, bounded
away from zero.

Assumption 6.3 is a very mild one and basically requires the tax to be non-

—~S
regressive in money and asset return. A convex function of the form¢ : Ry, —

R, t (pseh + e 4+ y°by + mh) does satisfy Assumption 6.3.
Assumptlon 6.4 is satisfied if the marginal tax rates for money and asset
demand belong to [0, 1].12

Definition 7 F = {em e RGHVH . Assumption 5 is satisﬁed} ;
T= {tA Assumption 6 is satz’sﬁed}.

12 Assumption 6.3 is used to show sufficiency of Kuhn-Tucker conditions. The other condi-
tions are mainly used in Lemma 19.



A relevant example of the function #* which satisfies the above assumptions
is presented below.
For each state s > 1, define

T =

{ts = (), e REHL 0 <ty <15 <. < tﬁ(s}

{ES = (W), eREHML. T =0 < W < ... < Eﬂs}

t = (t*)%_,; moreover, T = x5_,T% w = (w*)>_, ,W = x5_,W". Call
tax class k in state s the interval (EZ,@ZH] for k € {0,1,..., K* — 1} and the

interval (W3, +00) for k = K°. We can then define the following tax function

t*:RY, xRY, x5 x W —R

top°ey, if

%\S : (ps, eiatsams) = ]]:7=10 ti’ (@Z’+1 - wi') + ti (pse}sL - wz) Zf
K*—1,5 (—s —s s S, _ =8 :

Sw—o B (@ — W)+t (PP — W) if

An economy is completely described by an element & = (e,e™,t,Y,u) €
R X T x M xU.
Household A’s maximization problem is the following

peRY, and g € R

one. For given &,

AT (3, by, ,m9)ERG , xR XR up(zn)

s.t.

—p° (@), =€) —my + ey —qbn =0

—p(z5 —e5) +mY +e™ +yby —t°(..) =0 fors>1
m% >0

(2)

Observe that for each h and s > 1, mj = 1% (...). Moreover, (z,b, m) satisfies
market clearing conditions if

N (4 = ) =0 ()
ST i ®
Sy [(mf +e™) =T ()] =0 s=1 (4)

= G—(S+1) _ G—(5+1)

where a:,\L (@) en € RYY and ez . We can

then give the following definition of equilibrium.

(eic)c;él € R++

Definition 8 (z,b,m° p,q) € RGH x R x RH x RS, x R! is a monetary
equilibrium  for € if:

1. for allh=1,....H, (zp,bn, mY) solves problem (2) at (p,q,&);

S S
pey

S S

D€y

pej,

€ (0, wi]
€ (@Z’Eerl]

€ (W, +o0]



2. (z,b,m°) satisfies market clearing conditions (3) at &.

For technical reasons, and without any loss of generality, we define an equi-
librium using the prices of good 1 in each state s as the unit of measure of
values, i.e., we choose those goods as per state numeraire goods. Formally, we
have what follows. Define

s

foreacthO,1’)\3551 ER%_,

P\ = (psc) e RC!
p Pl b1 ++

= )2 enge

<) 3)

_9q_
p01
and
for each s > 0, ¢°™ =

S
g™ = (qsm)5:0 c Rijrrl

1
peT € R++7

Observe that
p°
S

p:

qu

The obvious interpretation of ¢°™ is the price of money in state s in terms
of the numeraire good 1 in that state.
We can now give a definition of equilibrium which turns out to be equivalent to
Definition 8 - see Lemma 10 below.

Definition 9 (z,b,m",p\,q,q™) € RGY x RTH x RH x RS « RI 5 RSH!
is a numeraire equilibrium for £ if:

1. forallh=1,...H, (zp,by,mY) solves problem

maz(mh,bh,m%)eRerxRIxR uh(/z\h)

s.t.

—p(ah —€p) + "™ (—m) +ef™) —qbp =0 (4)
(x5 — ;) + ¢*™ (m) + ™ + y°by) — ¢*™° (..) =0  s>1

m(,)L >0

at (ﬁ\?/q\7 qm7£);

2. (z,b,m°) satisfies market clearing conditions

Y (4 = ) =0

Z%:l b =0

oo (m) —epm) = OA

S (m) 4™ ()] =0 s>1

—_

A~ N N~
=~ [\
= = —

—~~

ot

~

It is then easy to show the following lemma.



Lemma 10 If (x,b,m%, p,q) is a monetary equilibrium for £ , then

S S
. (p* . q 1
( s Oy ) psl s=07 p()lv p51 s:o)

18 a numeraire equilibrium for £, and
if (z,b,m°, D\, q,q™) is a numeraire equilibrium for £, then

p q
xab7m07p:< ) yd = o
( qsm <0 qOm)

is a monetary equilibrium for &.

The above lemma says nothing but monetary and numeraire equilibria differ
only for the unit of measure of prices. In the former cases, in each spot, prices
of goods and prices of assets are expressed in terms of units of money; in the
latter, in each spot, prices of goods, prices of assets and prices of money are
expressed in terms of units of good 1.

With innocuous abuse of notation, we take away the symbol “~7 from prices.

To get a more concise way of writing budget equations, define also!?

P™ J (s+1yxa
with 1 =(1,...,1) €R®,

ml — (,sm\S daom = _qOm
q — (q )s=1 and ¢ == ml
q (S+1)x1

Given an arbitrary vector v € R™, dg (v) is an n diagonal matrix with v as
diagonal, and

" |: 'g 2 :| =+ I |: v :|
( ) (S 1)><
Observe that

rank [Rp,|¢"] =141

Define also

N 0
t, (...) = l 7 ((...)§:1>

Then, the budget constraints in problem (4) can be written as

(S+1)x1

—®(p)(zn — en) +dg(q™) (M1 + e — b, (..)) + Rinbp = 0

13 An empty space in a matrix denotes a zero submatrix.

10



3 Existence and Generic Regularity of Equilib-
ria
3.1 Existence

To show existence we take for fixed an arbitrary (¢,Y,u) € 7 x M x U. The
relevant exogenous variable space is then
Q= Rff x F
with generic element
w = (e,e™)

Define also the set of endogenous variables as
= _ (mG S+1 I H G—(S+1) I S41
E= R xR xR xRxR)” xR x Rf x R7%
with generic element

f = ((xha )‘h7bham2’ﬂh)hH:1ap\vQ7 qm)

We can now describe equilibria using the system of Kuhn-Tucker conditions
- which characterize solutions to the households’ maximization problems - and
market clearing conditions (5). Define

F:2xQ—-RIMEF: (£ w)— left hand side of system (6) below

(hl) thuh(zh) — )\h@(p) =0 B
(h2) =) — en) + dg(q™) (YT + et — 1, () + Runbi = 0
(h3)  AuR(g.q"™,1) =0
(hd)  Ang™ () + 5, =0
(h.5)  min{u,,mY} =0 (6)
(M1) - ST () =€) =0
%3 %fﬁ’_l&; C o
%:1 h hsm_ .
(M4) S5 [(m) +ep™) = ()] =0

where budget constraints can be rewritten as follows

(@ —€ep) + ¢ (—mp +ey™) —abp =0

—pi(x; —ep) + ¢*™ (m) + e +y°bn) — " () =0  s>1

Remark 11 From equation (M3) in system (6) and Assumption 5.2, in equi-
librium there is h such that m$ > 0 and p, = 0.

11



We now want to apply the following theorem to prove existence of equilib-
14

ria
Theorem 12 Let M and N be two C? boundaryless manifolds of the same
dimension, y € N and F,G : M — N be such that F is C° and G is C° and
Clin an open neighborhood of G=1 (y), y is a regular value for G, #G~* (y) is
odd, there exists a continuous homotopy H from F to G such that H~! (y) is
compact. Then F~1(y) # 0.

Definition 13 £ € = is an extended equilibrium vector for w € Q if F (§,w) =
0.

With innocuous abuse of terminology, we will call £ simply an equilibrium.
To verify the assumptions of Theorem 12, we proceed as follows. We first
construct an appropriate “test economy” w* using a Pareto optimal allocation.
Then we construct the needed homotopy H - see (9) - defining the function
G = F,.Finally, we show the other needed results, i.e., there exists £* € =
such that £* € G71(0) - Lemma 15, {¢*} = G~ (0) - Lemma 16, D¢G (¢*) has
full rank - Lemma 18, H~! (0)is compact - Lemma 19.

Consider an arbitrary good endowment e € R¢¥ and a Pareto optimal

allocation z* feasible at e, i.e., such that Zthl zy = ZhH:1 en. It is well known
that there exists a unique solution (:z:*, 01 = (05)hr ,’y*) € RGIXRITIXRS
to system

(1) Duy (z1) — v =0
(2)  OpDuy (zp) — =0 -
(3) (un (xn) —un (2}4))zy =0
(4) - Zthl Th + Zthl z; =0

Define 6] = 1. Then the test economy w* = (e*, e™*) is defined as follows.

* *

e = =z
Om* — 1 - slx*
e = -minizx >0 for each h
h 4521 { h } (8)
esm* = Lpslx Omx > Llosle 5 () f4r each b and s > 1
h = 23Ty h = 2%h Z
Define

H,:Ex[0,1] — R¥™=_ (£ 7) — left hand side of system (9) below

14The theorem is a well-known result in degree thoery; for a proof, see, for example, Vil-
lanacci and others (2002), Chapter 7.

12



(h.1) Dy, un(zn) — An®(p) =0

—0(p) (w1 — (1= 7)en +72}) +dg (@)1 On8T + (1= e+ ) +
_(0 ((1—7) () +7(E oty ) | Ry = 0

(h.3) An dg (¢"™*) [ySi —(1=7) gﬁh} s>1, ] -

)l (g [1- (- 7) ) e

(h.5)  min{u,,md} =0
M1 S {x,\L - {(1 —T)ep + Tx}b*]} =0
(M2) Zthl bp =0

(M3) S [md — [ = 7)™ + redm]] =0

(M4) AL md + (1= m)egm + e = S (- 1)F
where budget constraints could be also be written as

—po(x?L — [(1 — T)@% + TCE(})L*]) + ¢ ( mh + [(1 —T)e; Om 4 Teom*]) —qgb, =0

(= [(1 = 7)e, + ) + @™ (mf + (1= T)ef™ + mef™] + y°bn) +
I [CRTYO P i s> 1

Define also e
G:E—-RM™= ¢ H, (1)

Observe that

H, (670) :F(faw) = Fy, (5)

Remark 14 The basic idea used in constructing the homotopy is simple: it
“links” the true economy to a fictitious economy via a convex combination. The
fictitious economy is one in which endowments of goods and money are those
defined in (8) and the tazx function is %of the value of the endowment of the
numeraire good in each state s > 1.

Comparing system (7) and system G (£) = 0, we get the following lemma.

13
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Lemma 15 £ = (x*7)\*,b*,m0*,,u*,p\*,q*,qm*) € G71(0), where

sl

B = VQT for each s > 0 and for each h
by, =0 for each h
m%* — egm* for each h
Wy, =0 for each h

) s\
po\F = % for each s >0

S slx
q* = Zs:l 101* ys
S sl
qOm* — 25:1 101*
1%
gt =1

Lemma 16 {¢"} = G71(0).

Proof. From the previous lemma, it is enough to show that if G (E) =0,
then & = (Z,\,b,m%, 71,0\, §,d™) = & In fact, T = z*, otherwise Pareto opti-
mality of z* would be contradicted. The equality between the other components
of € and of &*follows from G (:U*,X,/I;, mO, [, D\, q, a‘m) =0. m

Remark 17 Since m® = €)™ > 0 = p}, in a small enough neighborhood of

GTH0)=¢

min (g} = i
Therefore G is continuous in such a neighborhood, and the corresponding as-
sumption of Theorem 12 is satisfied.

Lemma 18 DG (£*) has rank dim =.

Proof. We want to show that if DG (%) A = 0, then A{ = 0. Assuming
otherwise, and using the differentiably strictly quasi-concavity of u, leads to a
contradiction. m

Lemma 19 For each w € Q, H; ' (0) is compact.

Proof. We have to show that all sequences (£"), in H; ' (0), up to a subse-
quence, do converge to an element of H 1 (0).

The convergence of (z"), follows from Assumption 1 and the fact (xh, bh, MY, A,y ,uh)
satisfies equations (h.1) — (h.5) in system (9) if and only if (z,bs,m}) solve
the following problem.

mam(wh,bh,'rng)eR$+><]RI><]R ’LLh(.’L‘h)

s.t.
(h.2) in system (9)
m(,)L >0

Below, we list the other components of £’and the main reasons for which
they converge.

14



1 for some h: (M3) in (9) and Assumption 5;
) and Assumption 1;

mv: (M2), (M.3) and (M.4) in (9) and Assumptions 5.2 and 6.1 and 6.2;
) in (9) and 6.4.a.;

9) and 6.4.b.;

b?,m%) : (h.2) in (9), Assumptions 4, 6.1 and 6.2.a.

inally, since {(¢",7Y)} C H;'(0) means that for every v

=

Hw (51}77—’0) = 0

taking limits of both sides and using the continuity of H,,, we get the desired
result. m
From the previous Lemmas, we finally get the desired existence theorem.

Theorem 20 For any w € Q , there exists £ € = such that F (§,w) = 0.

3.2 Generic Regularity

In this section we show that generically equilibria are finite and they locally
depend from exogenous variables in a smooth manner if the tax function satisfies
the following Assumption'® - where with innocuous abuse of notation we still
use the symbol 1.

Assumption 21 The tax function is continuous and takes the following form.
Fors>1,
7Ry =R, 7w — 7 (w)
with
p® 0
'U)S = W@; + 6;9:71 + ysbh + mp
and it is such that

Yh,¥s > 1,Yw, Dt* (w]) € (0,1)

The assumption simply says that each increment of wealth is non-trivially
taxed and it cannot be completely taken away by the government.

Definition 22 w € Q is a regular economy if
1. there exists v € N such that (F,,))"" (0) = {ﬁi};l;
2. for each i, D¢k, (fl) has full row rank;

3. for each i, there exists an open set U C Q, an open set V; C RY™E gnd
a unique function g; : U — V; such that (fl,w) e VixU, g is Ct,
gi (w) =&" and for every w' € U, F (g; (w'),w’) = 0.

15Using the strategy followed in this section, other forms of the tax function could be
analyzed.
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Let R be the set of reqular economies
Proposition 23 R is an open and full measure subset of 2.

To show the above proposition, we need to preliminary show that F' is dif-
ferentiable at least in a neighborhood of F~! (0). In fact, both the tax functions
and the functions min {m%, uh} are not (necessarily) differentiable. To solve the
problem related to the tax functions either we simply strengthen Assumption
21, requiring * to be differentiable, or for a more specific form of the function
itself we have to show the following condition holds true.'®

Condition 24 There exists an open and full measure subset D* of QAsuc}}vthat
Vs > 1,Yw € D*and V¢ € Z such that F(§,~w) = 0 it us the case that t° =t° in
a small enough neighborhood of (§,w) and t° is differentiable.

The main Lemma needed to prove Proposition 23 is presented below.

Lemma 25 For eachu € U, there exists an open and full measure subset D** of
Q such that Vw € D**, Y€ such that F (€,w) =0 and Yh € H, either m9 > 0 or
19938 > 0.

Proofs of both Lemma 25 and Proposition 23 use the same strategy
adopted in the corresponding results in next sections (see Lemma 26 and Propo-
sition 29 ) and they are therefore omitted.

4 Non-neutrality of Monetary Policy for the Piece-
wise Linear Tax Function

The possibility of showing effectiveness of planner intervention is prevented by
the generality of the tax functions described in the previous sections. Several
choices of a more specific function could be analyzed following the strategy
presented below. For the sake of simplicity, we analyze the case of one of the
most commonly used tax schedules: the piecewise linear function described in

(1), i.e.,

k—1
T (p°, €5, t°,Ww") = max {tﬁpsefw >t (Wi —Wh) + £ (pPep, — @) for k € {1, ...J{S}}
k'=0

Just to make notation sufficiently readable we take K = 2 (and we set, for
s > 1, w®* = wi) . In subsection 4.1, we check that Condition 24 holds; in
subsection 4.2, we prove the Pareto improving result.

16That latter strategy is used in Section 4.1.
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4.1 Generic Regularity

The (numeraire) equilibrium system is the following one.

Dy, up(zp) — An®(p) =0
—p°(x) — €p) = ¢ (my — ™) — qbp, =0

—p*(z; —e;) +¢°" m% + e+ ysbh) —max {tip°e;, ¢*™ (t§ — t7)W® + t5p°e;} =0

MRy =0

)\ham + Ky = 0

min{,m)} =0

Y (o = ) =0

Zh:l bh =0

>y (mf) = €™) =0

S @7 (), + ™) = S max {§p°e;, ¢ (1 — 1) W + tip°e;} = 0
(10)

As in the previous section, we want to show the set of regular economies, as
defined there, is an open and full measure subset of 2. Therefore, we have to
preliminary show the following statement.

Generically in the space €, 1. households are not border line cases with
respect to the demand of money (i.e., it is not the case that m?L = 0 and
ty, = 0), and 2. they are not at a kink of the tax function.

The main idea to get the above result is to introduce fictitious models whose
collections of equilibrium sets contain the equilibria we are investigating. This
idea is formalized in Cass, Siconolfi and Villanacci (2001). That contribution
deals with a model in which only border line cases with respect to the demand
of money can arise. In the case of piecewise linear tax functions that idea simply
specializes in what follows: for each state s > 1, consider as exogenously given
the sets of households which are in each tax class. To formalize the above idea
we need some definitions and notation.

Consider the set P (H) of all partitions of H into two subsets. For each
element ({Hg,Hf})il € (P2 (H))®, we can define a fictitious model imposing
that, in each state s, irrespectively of each household h’ wealth, she pays taxes
in that state according to the first (respectively, second) component of the tax
function if h € H§ (respectively, HS).

More precisely Vs > 1

if h € H, then £ (p°, e, t°,W0°) = tipe;,

and

if h € H$, then ¢° (p°,ep,t%, @) = ¢°™ (t5 — t]) W’ + tip’e;,

We also define Hf = #H;j, for k € {0,1} and s > 1.
Defined
e if  heM

€h

M4 (8 — )W if  heMs

17
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the equilibrium system associated to (the fictitious model) ({Hg,Hf})il

can be written as follows.

Dzhuh(xh) )\hCI)( ) 0
( ) ( ) —qb, =0
(a:h—eh>+qsm mh+e +ybn) — topte; = 0
(xh _ eh) + g™ m + eem + yébh 8 p eh =0
)\hR =0

Anq@™ + =0
min{yu, m} = 0
H
Z;ﬁzl(ﬂci - 62) =0
Z}ﬁ:l bn =0
Zh 1(mh_eh )=0
(Z:h()E'H8 (mho + €h0 ) + ZhlE'Hs (mhl + 627111 + (ti o ta)@s)> +
- (Z}LOEHS t5peh, + Lneny tiP° ehl) =0

s>1,if h € H

s>1,

It is also convenient to rewrite the equilibrium system as follows. Consider

the set
J={0,1}°

with generic term j, and P; (H) as the set of all partitions of H, where each
partition has cardinality #.J = 2%. For each element {H;},c; € Py (H) we can

define a fictitious model imposing that

if h € H;, s > 1, and the s-th component of j is equal to £,
then h pays taxes

tépes ifk=0
" (ts —t))w® +tipfe; ifk=1
Let h; be a generic element of H; and define ¢; = (t;)sszl where

= { 5 if s-th component of j is 0

5 if s-th component of j is 1
and
e if s — th component of j is 0
e =
e (t5 —t5)w® if s — th component of j is 1

Then the equilibrium system associated to (the fictitious model) {Hj}j cJ

can be written as follows.
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(hj-1)  Day, un,(zn;) = A, ®(p) =0
—p(af, — ef,) — g (md, — ) — abn, =0

—p (@}, —ej,) + 4™ m%j +e, + ysbhj) —tip°ep, =0 s>1

hi3)  An R =0

hJ4) )\hjam + /”th =0

h5)  min{u,,m} =0

M1 Tha(as, — ) =0

M2) 2 oh,=1bn; =0

M3) Y (mh — ™) =0

M4) djes ZheHj ¢"" (my, + ") — >jes Zheﬂj tip’e;, =0

(11)

To simplify notation, denote by i a generic element of P; (H) and by F* (¢, w)
the left hand side of system (11) above.

We now repeat the above strategy to deal with border line cases with respect
to the demand of money. Let P be the family of all partitions of H into three
subsets Hi,Hs and Hs, with Hs # 0. In the equilibrium system (10), in place
of min{mY, u,} = 0 substitute p, = 0 for h € Hy, m) = 0 for h € Ha, and
m$ =0 and p, = 0 for h € Hs.

Define

F’}i—{l,Hz,Hg, ST 0 — Rdim E+#Hs3

as the function which associates the left hand side of the fictitious ¢ equilibrium
system modified as explained above.

Observe that given an arbitrary (£,w) € F~1(0), we can define endogenously
i(&,w) and H; (§,w), Ha (§,w), Ha (§,w) in the obvious way. Then

i(€w) -t
(€ w) € (F H1<s7w),H2(s,w>,Hz<s,w>) (0)

All the above discussion allows us to conclude that

each Fj; 4, », is differentiable on all its domain (12)
and

-1

F1(0) € Uiep, (1), traHatsreP (Fiyy 4,90,)  (0) (13)
-1
and also Yw € Q, (F,) ™' (0) € Uep, (#), {42 Ha o }eP (Fvl{th,ng) (0).
We now present the strategy of the proof that border line cases and kinks of
the tax function are “rare”.
Border line cases.
Define the sets

B;"MH%HS = {w € O : 3¢ such that Ffith,Ha (&, w) =0}
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C={(&w) e F71(0): 3hsuch that m{ =y, =0}
D*=Q\ pr(C)
By definition of D*, Vw € D* and V¢ such that F (§,w) =0,

Vh € H, either mY > 0 or y;, >0

Define also
B™ = UiG'P.I(H)v{H1H2H3}€'PB;‘l1'H2H3

By definition of B™, each economy w for which an equilibrium is such that
some household is at a border line in contained in B™.
Then!”
D*>Q \B™ (14)
Observe that since B is of measure zero, U Bi
Hi,H2,Hs {H1 Ho Hs}eP Hi,H2,Hs
is of measure zero as well. Observe also the for any {Hi,Ha, H3z} € P and
Vhs € Hs, we have that B%—tl,Hz,Hs - B;il,Hz,{hg}‘ Therefore, it is enough to
show that ‘
B;m,HQ,{hs}haS measure zero (15)

Kinks of the tax function.
Define F'™* = FfD Consider the family F of all subsets of H. Define

T = {{Hs}le e F5 : 3s such thatH® # (Z)}

Define FE;‘{ s as the equilibrium function in the fictitious model 7 with the

following appse:rided equations
Vs,Yh € H®, p°e; —w®
For each {’I—[S}f:1 € F, define

Bi,.

Observe that BEHS} s
s=1

each s > 1, households in H?® are at a kink of the “true” tax function in state s.
Define

o ={we 3¢ e = such that Fij,. s (60) =0}

is the set of equilibria of fictitious model ¢ where, for

C'={(¢w) € F7'(0): I h,s > 1such that p°ej —w* =0}

and
D** = D*\ pr (C")

1TWe cannot use the equality sign in (14), because B3¢, H4,M5 contains economies w such
that Fp, 1,15 (§,w) = 0 and for which some components mg and p, of & may be negative,
and some househods pay a tax which is not that one of the tax class they belong to.
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By definition of D**, Vw € D** and V¢ such that F (§,w) =0,

Vh,e H, s > 1 p’ej —w® #0 and
Vh € H, either m) > 0or ), >0

Define ,
B'= UiePJ(H),{HS}§=lefSB$Hs}§:1
Using the standard approach we can show that the sets BiHS s , and
s=1
therefore BY, are closed and null. Then
D** D> D* \ B (16)

S

Finally observe that for any i € P (H), for any {H*}._, € F, for any s > 1

such that H® # @ and for any h® € H?,

i i
Bieys, S Blpprys
where
0 if §+#s
Hs’* =
{h*} if s =s

Therefore, it is enough to show that

B has measure zero
ey, a7

Lemmas 26 and 27 below show that both conditions (15) and (17) hold. Both
of them deal with the Jacobian of Fy/ 3/, 3,.. The needed notation is presented
in Appendix “Notation for the Jacobian of the equilibrium function”.

i
Lemma 26 BHI’H%{hS}has measure zero.

Proof. That B;ﬁ Mo, {hs} is of measure zero follows from the parametric
transversality theorem - see, for example, Hirsch (1976), Theorem 2.7, page 79
- and from the fact that zero is a regular value for F7i11 Mo {hs}" The basic idea

of the proof is to use (the column of the derivative of Fi 1, {hs}with respect

to e;™, multiplied by %) to partially “clean” the column of the derivative
with respect to eil. Then the proof is similar to the analogous proof in Cass,

Siconolfi and Villanacci (2001). =

Lemma 27 B* s  has measure zero.

{HS/*}S/:l

Proof. To fix ideas take s = 1 and h = hj,. Using the rank result in the
previous lemma, it is enough to show that the partial Jacobian of the left hand
sides of the following equations in system (11)

(hj1'2) ’ (hj2'2) ) (Ml) ) (M3) ’ (M4)
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and of the appended component

1,1 1
p ehh w

with respect to the following variables

€h. L ER ,€h. ,Ep €
<hj1’ iy Thia? Thi, hjz)

has full row rank. That matrix is displayed below.

1 dg (1 —tj,) | dg(q™) I
dg (L —t5,) | Wy, | dg(q™)
-1
—10 —10
—dg (tj,) | 0dg(q'™) | —dg (t;)) | Yon,, | Odg(¢"™)
[ 010 i

and it can be shown to have full rank through elementary columns opera-
tions. m
We need also the following Lemma.

Lemma 28 pr: F~1(0) — Q, (£, w) — w is proper.

Proof. The proof follows the same steps as Lemma 19. =

The definition of regular economies presented in the previous section applies
to the model with piecewise linear functions. Define R’ that set. We want then
to prove the following Proposition.

Proposition 29 R’ is an open and full measure subset of Q.

Proof. The result follows from the Transversality theorem and the fact that
the image of a closed set via a proper function is closed. Besides existence the-
orem 20, the proof uses Lemmas 26, 27 and 28, and the construction described
in this section which leads to conditions 12 and 13. m

Remark 30 Consider a partition of any H; into two arbitrary subsets Hy;
and Haj. For our purposes (proof of other generic properties and possibility of
Pareto improvements as defined in next section), the above proposition allows
to make statements about the (non-differentiable) function F using the family
of functions
Firy, a0y, 1 EXR X T X W xU — RIS

where ﬁ{Hu,sz}jeJ (&, w,t,w,u) is the left hand side of system (11), with
equation (h;.5) substituted by p, = 0 if h € Hi; and m) = 0 if h € Ha;.

With some innocuous abuse of notation, we call still F the generic element
of the above equilibrium functions.
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The following lemma is needed in the proof of (Case 2 in) Theorem 32.

Lemma 31 There exists an open and dense subset D* of R x T x W xU such
that ¥V (w,t,w,u) € D} and & such that F (§,w,t,w,u) = 0, it is the case that
v, # 0, where vy is

1-%, 4o n :
5 4% 3 noerg tohg Tn, eny ti6h

/\ AL
<Zh0€’Ho A9 (x;l% B eho + tSe?l?J) + Zh1€7‘£1 )\7 (x;LQl - ehl + tie}ﬁ))

Proof. In the proof, since we take derivatives both with respect to tj and
t5,we obviously assume that H§ # ) and H5 # 0. If that is not the case, the
proof follows the same strategy, and it is explained in detail in del Mercato and
Villanacci (2003).

The openness results follows from the properness of the projection from the
equilibrium manifold to the parameter space. The density result follows from a
repeated application of the transversality theorem to the function F' with some
extra component appended to it. For [ € {1,...,4}, in Step [ below, we show

that zero is a regular value for (ﬁ ,"yl>. A needed condition to show that is

that the derivative of 7, with respect to a well chosen component of (§,w,t) is
different from zero. Therefore in Step [ 4+ 1 we show that zero is a regular value

for (ﬁ Y +1> where if v, ; # 0, then that derivative is different from zero

Step 1. There exists an open and dense subset DI of R’ x T such that
V (w,t) € D7* and & such that ﬁ(&w,t,@, u) =0, v, #0.

The relevant Jacobian is obtained taking derivatives of the left hand sides
of the following equations in system (11)

(hj,-2),(hj,.2), (M1),(M3),(M.4)
and of the appended component
71
with respect to the following variables
(e.hj] ’ e}\sz ’ 6;:.17'1 ’ ehiz ’ e}\sz ’ ez.ziz ’ to, tl)

and it displayed below.'®

dg (1 — tjl) \P;hh dg (qm) d 00 d 01

g Vn; 9 Vn;
dg(1—t; Vo | dg (g™
( i) | Ypn,, (@™ dg vy, | dgon,
iy —1
10 —10
—dg (t;,) thn 0dg (qlm) —dg t;, ¢ohj2 0 dgg'™ | Ny Ny
* * Y2

18 A x entry in a matrix denotes a non-zero submatrix.
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Using the supercolumn of (eflm)il to erase the supercolumn of ¢1, as ex-
plained in Remark 33 in the Appendix, we get

dg (1 =1t5,) | Wy, | dg(q™) 0,

!JU;L]-

dg (L =13,) | Wy, | dg(a™) | o,

,gvhj

-y -y
—10 —10

—dg (tj,) wéhh 0dg (¢*™) | —dg t;, wéhm 0 dgg'™ | Ny

k k * 72 i

and then ¢; can be used to perturb the last equation, as long as v, # 0, as
shown below.
Step 2. There exists an open and dense subset D3 of D7 such that V (w,t) €

D3 and ¢ such that ﬁ(f,w,t) =0, 74 #0.

Yoy = gzll # 0 if the following quantity is different from zero:

A , N NN
<Zh1€7‘l1 ,\(Zi@i) (ZhOGHO 86?3) + Zh1€7‘l1 tie;ﬁ) +
AS AS
~ (St 02) (Shoers H (052 = 2+ 66i2) + Do, 352 (012 =2 + 1)

0
hy

The relevant Jacobian is the following one.

dg (1 —t; v dg (g™ 0
9Q =) | Yon,, | 4900") dgof, | dg i,

dg (1 —tj5,) | Wy, | dg(d™)

dg v? dg v}
9 U, g Vi,

-1 -1

~10 -10
—dg (t;,) 1/’0h,j1 0 dg (qlm) —dg tj, Yon,, | 0dg (qlm) No Np

* * 3

Again from Remark 33, we get

dg (L =t5,) | Wy, | dg(q™) >
h
dg (1 —t5,) | Wy, | dg(q™) 0
dg vy,
—1 —1
~10 -10

—dg (t;,) | Yo, | 0dg(¢'™) | —dgt;, Yon,, | 0dg (¢'™) Ny

* * V3

We can then use tj to perturb the last row, as long as v5 # 0, as shown
below.
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To be able to prove the above statement, we have now to introduce a linear
local parameterization of the utility function of each household. For any u;, € U

]
and for any household h, consider a ay, = ((aff)f:l) € RY. For any h,define
s=0
ﬂh(.,ah) : R§+ — R
U (zn, o) = Un(xn) + 5By (xn)onas,

where 3, is a bump function centered around an equilibrium allocation (see
Citanna, Kajii and Villanacci (1998), for details). For each h, there exists an
open neighborhood A9 of 0 € R® such that for each oy, € A9 we have that
up, (.,Ah) cuy, .

Step 3. There exists an open and dense subset D3 of D5 x U such that
V (w,u) € D and ¢ such that F (£, w,u) = 0, 4 # 0.

vy = % # 0 if the following quantity is different from zero.

S )\G

hi s2 52 52 ho s2
Z 20 €, Z €ho | — Z €n, Z 20 €ho
h1€H1 h1 hoE€Ho h1€H1 ho€EHo ho

Using the proposed local finite parameterization of the utility function, the
result is straightforward.

Step 4. There exists an open and dense subset D} of D3 x U such that
¥V (w,u) € D} and and ¢ such that F (&, w,u) =, it is the case that 7, # 0, where

873 Afu s2 )‘20 s2 )\;1 )\Zo s2
= = € — — €] = — 0 | €
T 967 TN 2 i 2 e ) = 2 AN )T

hoEHo hoEHo ho hoEHo ho

The proof is similar to that one of Step 2, and requires that Vs, s’ > 1,s # s’
and Vh,h',h # R’

)\S S

AL AL
i.e., the standard condition of Pareto inefficiency, which can be easily proved in
our framework. m

Vs #0

4.2 Pareto Improvements

To prove the main result of this section, we use the following general method-
ology described, for example, in Citanna, Kajii and Villanacci (1998) and in
Chapter 15 in Villanacci and others (2002).

1. Starting from the equilibrium function F (§,w,t,w,u), we define a new
equilibrium function Fj (§,w,t,w,u), taking into account the planner’s
intervention effects on agents behaviors via some policy tools p € RT,
and a function Fj (¢, w,t,w,u), describing the constraints on the planner
intervention. We then consider a function F = (Fy, Fy) whose zeros are
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equilibria with planner’s intervention. We can partition the vector 7 of
tools into two subvectors 7; € RT~72 and 7o € R”2, where 7 can be
interpreted as the vector of independent tools and 7o as the vector of
dependent tools.

In our chosen type of intervention there are no constraints on planner
intervention and no dependent tools.

. We observe that there is a value 7 at which equilibria with and without
planner’s intervention coincide.

. We define the function U (§,w,t,w,u) = u(x), and we analyze the local
effect of a change in 7 around 7 on U when its arguments assume their
equilibrium (with planner intervention) values.

To accomplish the analysis described in 3., we proceed through the fol-
lowing technical steps.

(a) As a consequence of Proposition 29 and, also keeping in mind the
needed Lemma 31, we know that V (w,t,w,u) € D* there exists a
neighborhood N of 7 and a unique C! function h () defined on N,
such that for 7 € N

F((r), 7w t,w,u) =0

The function h describes how equilibrium variables and dependent
tools adjust to changes in planner’s tools 7. Then the function

9(w,t,w,u) * N — RHa T—U (f (T) ,T,w,t,@, u)

describes how the goal function changes when the planner uses her
policy tools 7 and variables move in the equilibrium set defined by
F.

(b) The goal of the analysis is to show that there exists an open and dense
subset S* C Q x T x W x U such that for each (w,t,w,u) € S*, the
planner can “move” the equilibrium value of the goal function in any
directions locally around g, + w,u4) (7), the value of the goal function
in the case of no intervention. More formally, we need to show that
9(w,tw,u) 18 essentially surjective at T, i.e., the image of each open
neighborhood of 7 contains an open neighborhood of g(,, ¢ .. (7) in
R,

(c) A sufficient condition for g, ; w,.) to satisfy the above described con-
dition is that

rank [ Dy g(w.+.m,u) (?)]HxH =H (18)

(d) The above statement holds in an open and dense subset S* of {2 x
T x W x U if for each (w,t,w,u) € S* the following system has no
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solutions (£,¢) € E x RImME+HH

F(€w.t.w,u) =0
T [Digr (F.G) (€T wt@w)| = 0 2 (19
cle—1 =0 (3)

i. Openness of S*. It follows from the properness of the projection.

ii. Density of S*. We redefine the functions F, F , G replacing U in
their domain with a open ball A4 in a finite Euclidean space with
generic element a = (Unh)hH:17 consistently with the local finite
parametrization of the utility functions described in Citanna,
Kajii and Villanacci (1998)'°. Call Fy4, Fa, G the functions so
obtained and define F} ({,w,t,W,a) =0 as

Fy (& w,t,w,a) - 0 (1)

c’ {D(g,T) (ﬁA,GA> (&, 7w, t,w,a)] = 0 (2)

CTC —1 = 0 (3)
(1)

We are then left with showing that 0 is a regular value for F'},
i.e., either

F} (&, w,t,w,a) = 0 has no solutions (¢, c)
for all values of (w,t,w,a), or in an open and dense subset of Q x T'x W x A
(22)
or
. for each (£,w,t,w,a) € (F%)~"(0), the Jacobian matrix

D¢Fy (&, w,t,W,a) .,
DF; ((§w,t,W,a)) = | = [Dicr) (F.Ga) (0] N

has full row rank. Since from generic regularity, D¢F4 has
full row rank in an open and dense subset of the parameter
space, in order to show the above condition, it is enough to
show that

for each (§,w,t,w,a) € ;Fﬁ)_l (0),
[ |:D(§,T) (ﬁ7GA> () N(C) ] (23)

c
has full rank

YTake (Wa)il, € U. Let Ay, be the set of G x G symmetric matrices. Take Aj, € Ap.
Then the used finite parameterization is

ap (., Ap) R, - R
ﬂh(xh,Ah) = ’L_Lh((Eh) + %Bh(wh) Zk[(xh — fﬁ) Ah (Cﬂh — fﬁ)}

(20)

where 3, is a C>®°bump function centered around each equilibrium.
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We can now present the planner intervention.

Our choice of policy tools is simply a subsidy or tax p;, of money on household
h for each household in period zero. Then p = (ph)hH:1 € R and, in fact, p,, is
a subsidy if positive and a tax if negative.

Observe that since the production of money is costless, there is no require-
ment on the total amount of subsidy. Therefore, we do not require the total
amount of subsidies Zthl pp, to be equal to zero, as in the case of reallocation of
a given good among households, and therefore no further intervention is needed
in period 1.

The equilibrium system taking into consideration the planner intervention
is the following one.

(hj-1)  Day, un,(zn;) = A, ®(p) =0
—po(x?lj — 62],) — '™ mgj - e?LT - Ph) —qby; =0

fps(xij — @Zj) + ¢ m(,)Lj + 'éfLT + ysbh].) — tjpseij =0 s>1

(hj3) A, Rm =0

(hjd) N, @ +py, =0

(h;-5) min{, , mhj} =0

(M1) zgﬂ(xzj —ep) =0

(M2) Zh-:l bhj =0

(M3) X _i(m), — €)™ —p,) =0

(M4) ZjeJ ZheHj ¢*"(my, + &) — Zje] EheHj tip®e; =0

(24)

Define

F:Z2 xR xQxif — RIME F: (&, p,w,u) — (Left Hand Side of 24)

We are now ready to state the main result of this section.

Theorem 32 For an open and dense subset S* of the set of the economies
(w,t,W,u), at any equilibrium &', the function g is essentially surjective at 0.
That is, there exists a vector of money subsidies (or taxzes) which allows to
Pareto improve (or impair) upon the equilibrium & .

The proof of the theorem consists in showing that either condition (22)
or (23) hold consistently with different values of ¢ and it is presented in the
Appendix “Proof of Theorem 32”.

5 Appendices

5.1 Notation for the Jacobian of the Equilibrium Function

In what follows, we introduce the matrix notation needed to write the Jacobian
of the equilibrium function. We group notation in terms of the variables we
differentiate with respect to.
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Prices of goods

1 1 1
Z;s = —(xh\ - eh>) - tjleh\ —
s 1\ S\
—(xhj\ ep,) — t]sehj
—zg\
3 0

_ _g]i\ _ l —Zh> .

— J = =1

Z

_3\
hi 4 (8+1)x[G—(S+1)]

1 1\ 1,1\
Oc-1 — (ZhoeH}, to€hy T 2ny e tlehl)

S\ 5.5\
- (ZhoeHg tgeho + Ehlenf ty ehl)
Oc-1 — (alc)c;él

_ Sc
L (o )c;él Sx[G—(S+1)]
Prices of money
o

Viy = [(diag M) V], =

Myt Ay

= s
D = diag <Z(m2 + 522”)) = diag Z Z tip°e;,
s=1

jE€J heH;

diag (mQ, + &7 + y*b)> |
.)S ]
hiJs=1 1 (s4+1)x(S+1)
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Endowments of goods

%

\Ijz\ﬂlj =
S S
(1=8)P™ | (shiyxio—s+

s s
V) = (vgé)szl RUNE (U}’f)b— and
0s —p°ey,, if s-th component of j is 0
e ) .
hi —q¢*"w® if s-th component of j is 1

s [0 if s-th component of j is 0
Un; = "W — pseij if s-th component of j is 1

S
Ny = diag | —¢*"H{w® — p° g €ho
ho€HG =1
S
Ny = diag | ¢ H{w® — p° E pep,
hi1€H] =1

Remark 33 Observe that since
S _SMm——

DD S

J hjeH; hOeH§
1s __ S S S _Sm—
E : E Uhj - E : p ehl _qu w
J hj€H; hler
we have also that
g g diag vgj = Ny,
J thHj
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Z Z diag vy, = Ny,

j hjeH;

The above observation allows to sum up the columns of e;™ (multiplied by the
appropriate expression) to the supercolumns of to,t1 and erase all those columns.

Other symbols.

[0I¢—1]

[0Ic_1]
for each h, A} = ()\Z)Sszl

5.2 Proof of Theorem 32

Define ¢ = ((cgch,cxh,cbh,cmg,cuh’)thl,cp\,c;”,cq, (ch)thl) c RUME+H it
of all observe that the desired statement follows if we show that the following
system has no solutions.

T |De,pFa, Ga] =0
(25)
2T —1=0
where ¢/ = (c1, ..., cg) € RH 20, Therefore, it is enough to show that the partial

Jacobian of the left hand side of system 25 with respect to (¢, a) has full rank.
That Jacobian is presented in the table below.

20Due to generic regularity, in the last equation of system (25), we need to consider only ¢’
instead of the all vector c.
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(92)

H> 15) Tt
- wob H0T
- woP 101
a i Eu A T e[ T 6
b I —; P o
I b— I ¢ H
wP 1 Twb wob— I 1
Ik b— | 1 €1
Tw— | fw— v % )
Ha— 29— X ¢ 2
" T 0 0

= 2 Il - - O
T T ¢H
wh iy - TH
N fina &w| %a xd Hngq T'H
T g1
wh “y d— [
N wina & swn ol e | TT

Hys 1y Ho 1) Twby, woPy A, X5 v, 05 by \dy Hoiy, Ry, Hqy, Ha, Ty 5y Tay Ty
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In the first column of the table, we put the names of the corresponding row
of the Jacobian; in the first row of the table, the variables we differentiate with
respect to. In fact, for simplicity, we consider just two households (household
1 and H) and we reorder the rows of the Jacobian under analysis to make
more transparent the rank computation described in Case 1 below. For each
h, N (cz,) is the partial Jacobian of the left hand side of the subsystem of
system (25) obtained multiplying ¢! times the partial Jacobian of the function

(ﬁA, GA) with respect to xp. Since N (¢, ) has full rank if and only if ¢,, # 0,

we have to distinguish some cases with respect to the values of (cgﬂh)hH:l:

Case 1. For each h, cg, # 0; Case 2. For each h, ¢;, = 0; Case 3. There
exist h, b’ such that ¢;, # 0 and c,,, = 0.

Case 1. For each h, c;, #0.

In this case, we show that condition 23 holds. Preliminary observe that

the partial Jacobian of the left hand side of equations (h.3)hH:1 , (h.4)hH:1 ,(9)

with respect to ((cAh),IL{:1 ,cqm)has full rank. We can then use the so called

perturbation method - see for example Villanacci and others (2002) - to show
that matrix (26) has full rank?.

2I'That method is nothing but a riformulation of the fact that elementary column and row
operations do not affect the rank of a matrix.

33



(
(1.2)  (epr)5g ~ (L1);
(

= (3L (R 9)] (i cgseqom, cqra ~ (R4 (6Y);
V) = e = (Case)is mg ~ (1), (R.2), for some h;

\ :
2) (Cxil)ss=o ~ (h.1);

(=)

H H
'1)h:1 — (ah)h:r

Since 3¢/’ =1, there is h < H such that ¢; # 0. Therefore,

e (11) « cj ~ (h.1);
(h1) = a;.

Case 2. For each h, c,;, =0.

In this case, we are going to show that Condition 22 holds. Substituting in
matrix 25 the values of ¢;, and using first order conditions of the households’
problems we get a new system. It is in fact enough to consider a subsystem
of that one whose Jacobian is presented below; in the first column, we list the
names of equations and in the first rows, the variables we take derivatives with
respect to.
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S41— : . s S+1— . S41 c 1 H—s cq
29 A R A9 el AF € 0m " CqSm 1
(1.1 -1 0
new)
S+1
_ 1
1 A
—1 )\15
-1
(H.1 A0
new)
S+1
—1
Ly
—1
AS
H
(6.1.2) -z]2 -z12 12
Sl
(6.S.2) —z792 —-zg?2 —o52
(H.4) —qm0 qlm qu 1 qlm qu,
1
(10.1) qOm, -1
H]|
(10.H) L0 _1
(27)

where by (6new) we mean equations (6.5.2)511 in equations (6). Observe
that the above subsystem of system (19) is a system with the same number of
equations and unknowuns, in fact, H(S+ 1)+ S+ 1+ H. We want to show
that ((cAh , ch)thl, cqm) = 0 is the only solution of the above system. Therefore,
from (cy,,cqm) = 0 and from equation (1.4) we have ¢, = 0 and then ¢ = 0,
contradicting equation (11) in system (19).

Performing some elementary columns and row operations on the Jacobian
presented above, it is possible to show that its determinant is

m $2 _ )‘izh
71 <q 2 (xh veh) SSbeen S) 1—29 057 Luh XY g0m

sm

=1- L
ES ™ 2hger to ho+zh1€7-£1 ties, hl

Mg \:
(ZhOEHO Ao > (zhs = ehn Htden) + Xnen, 30 (“3221 —epl + t?efi)>

which is shown to be different from zero in Lemma 31.

Case 3. There exist h, b’ such that ¢, # 0 and s, = 0.

In this case, we are going to use the following strategy. We first substitute
¢z, = 0 in system (19). We then disregard some equations, being sure that
their number is still bigger than the number of unknown. We then show that
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generically the new system has no solution, using transversality in a way which
is similar to that one used in Case 1.
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