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Abstract

We investigate the relation between lotteries and sunspot allocations
in a dynamic economy where the utility functions are not concave. In
an intertemporal competitive economy, the household consumption set
is identified with the set of lotteries, while in the intertemporal sunspot
economy it is the set of measurable allocations in the given probability
space of sunspots. Sunspot intertemporal equilibria whenever they exist
are efficient, independently of the sunspot space specification. If feasibil-
ity is, at each point in time, a restriction over the average value of the
lotteries, competitive equilibrium prices are linear in basic commodities
and intertemporal sunspot and competitive equilibria are equivalent. Two
models have this feature: Large economies and economies with semi-linear
technologies. We provide examples showing that in general, intertemporal
competitive equilibrium prices are non-linear in basic commodities and,
hence, intertemporal sunspot equilibria do not exist.

The competitive static equilibrium allocations are stationary, intertem-
poral equilibrium allocations, but the static sunspot equilibria need not
to be stationary, intertemporal sunspot equilibria. We construct exam-
ples of non-convex economies with indeterminate and Pareto ranked static
sunspot equilibrium allocations associated to distinct specifications of the
sunspot probability space. Furthermore, we show that there exist large
economies with a countable infinity of Pareto ranked static sunspot equi-
librium allocations with aggregate pro capita consumption invariant both
across equilibria as well as across realizations of the uncertainty. This
implies that these equilibria are equilibria of a pure exchange economy
with non-convex preferences.
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1 Introduction

Two views of Sunspot Economies

The sunspot literature, originated by the Cass and Shell, [3], studied convex
economic environments where the First Welfare Theorem does not hold. In
these economies the introduction of ”extrinsic uncertainty” may change the set
of equilibrium allocations. Indeed the last assertion became a Folk theorem, [15].
Most notably, there are economies where Pareto efficient certainty equilibria
(i.e., equilibria where sunspots do not matter) coexist with inefficient sunspot
equilibria (e.g., [1]). This first research saw sunspot as a socially undesirable,
but possible, and to some extent, pervasive, equilibrium outcome of competitive
environments.

In the recent years, research on sunspots has taken quite a different route.
The objects of study are economies with non-convexities (see for instance [10]).
It was soon clear that non convexities in production or in preferences had very
different implications.

When non-convexities are present only in the production sets of the firms,
the introduction of sunspots is immaterial. Given the linearity of the profit
functions, a sunspot equilibrium is an equilibrium of the "concavified" economy
and, thus, sunspots do not matter [2].

The situation is very different when non-convexities are present in the con-
sumers’ preferences or consumption set. Most of the literature deals with static
economies with non convexities of the consumption set, generated by either
indivisibilities, [16], or incentive compatibility constraints, [8]. In these envi-
ronments randomness in allocations may improve welfare. The latter can be
generated in two different ways, either by introducing lotteries or by introduc-
ing sunspots. In the sequel, we use the term competitive equilibrium to refer to
the equilibrium outcome of an environment where individuals face a complete
set of markets for lotteries and the term sunspot equilibrium when they face, for
given specification of the probability space of extrinsic uncertainty, a complete
set of (sunspots) contingent markets.

Competitive Equilibria and Sunspot Equilibria

Two major differences between the concept of competitive equilibrium and
sunspot equilibria are clear, and both of them are crucial. The first differ-
ence concerns the nature of the consumption sets. With the competitive notion,
agents may choose any probability distribution over basic consumption bundles,
as in [11]. With the sunspot notion, they choose measurable maps with respect
to an exogenously given probability space of extrinsic uncertainty (€2, 2, ).
The second difference concerns the nature of prices in the two concepts. In
the lottery economy prices are linear in lotteries and, hence, they can be non-
linear in commodities. In the sunspot economy, prices are linear in sunspot
contingent allocations and, hence, they must be linear in contingent commodi-
ties. Thus, a first natural question is to investigate whether competitive and



sunspot equilibria are "equivalent." There are two aspects to this question. The
first is at the level of individual behavior and it concerns the different nature
of the consumption sets under the two specifications. The second is at an equi-
librium level and it concerns the nature of equilibrium prices. Any individual
sunspot allocation induces a probability distribution over consumption bundles
and, hence, it induces a lottery. However, the viceversa need not be true. A
lottery induces a stochastic allocation, but this may be either not measurable
with respect to the given probability space of extrinsic uncertainty, (£2,%), or
incompatible with the given sunspot probability law, &. When each lottery in-
duces a (compatible) sunspot allocation, lotteries and sunspot allocations are
equivalent. Garret, Kreister, Qui and Shell [5] show that equivalence is achieved
by any ”continuous randomizing device”!. When the probability space of ex-
trinsic uncertainty is not rich enough, sunspot equilibrium allocations, if they
exist, may be Pareto suboptimal. Different specifications of (2,2, 5) may yield
different equilibria with, in principle, Pareto ranked allocations ([16], [4]). This
is not a contradiction of the First Fundamental Theorem of Welfare Economics.
Pareto optimality is relative to a given consumption set, while in the previous
statements we are comparing allocations in different consumption sets. 2

However, when the extrinsic uncertainty space is ([0, 1), B, L), under fairly
general assumptions, every sunspot equilibrium allocation induces an equilib-
rium lottery allocation. If equilibrium allocations of the lottery economy are
supported by linear prices, the viceversa is also true, ([5] and [6]). This equiva-
lence result is based on the assumed existence of sunspot equilibria and, equiv-
alently, of lottery equilibria supported by linear prices.

Thus we are led to the second aspect of the problem: singling out environ-
ments where competitive equilibrium prices are linear. In any economy where
feasibility is a restriction on the average values of (joint) lotteries, equilibrium
prices may be restricted (without loss of generality) to be linear. One such en-
vironment is a large pure exchange economy (with finitely many types). If each
household of type 7 consumes iid lotteries 3;, by the law of large numbers, the
aggregate average allocation is, with probability 1, deterministic and equal to
the average (appropriately taken over types and lotteries) consumption. Feasi-
bility in a large exchange economy requires that average endowment to be equal
to average consumption. Hence, feasibility is just a restriction on the average
value of the lotteries. Thus, in large economies lottery and sunspot equilibrium
allocations are equivalent, [8] and [5].

The model

We depart from the existing literature in two aspects. First, the lack of convexity
is generated by the preferences of the households and not by the nature of their

IFor instance, the probability space ([0,1), B, L), with B denoting the Borel subsets of
[0,1) and L the Lesbegue measure.

2In this literature as well as in this paper, a feasible (sunspot) allocation is efficient if it
does not exists a feasible lottery that Pareto dominates it. Furthermore, it is understood that
preferences are extended over random allocations via expected utility.



consumption set. In previous work, [12], we have studied the Lancaster model
of characteristics, [9]. When the household production function transforming
commodities into characteristics is concave, but not linear, the derived utility
function over commodities (i.e., the composition of the concave utility function
over characteristics with the concave production function) can be any continuous
function. Furthermore, a long history of experimental evidence indicates the lack
of linearity of the household production function. Thus, the Lancaster model
of characteristics provides a sound justification for the study of economies with
non-convex preferences.

The second key feature of our model is time. We study a continuous time
growth economy. In this economy lotteries appear naturally because they are
the only sensible way to define the limit of allocation paths (over time) that are
in the limit achieving the supremum in the growth problem. Since the utility
function is not concave, an optimal deterministic path may not exist: however,
the sequence of paths yielding the supremum value is oscillating among extreme
points. The natural limit of these paths is a path taking values in lotteries.
Hence, in our model, the household consumption set is identified with the set of
lotteries and the feasibility requirement equates the effective investment to the
average production of investment goods at each instant of time. The definitions
of the consumption set and of the feasibility requirement are, in an obvious sense,
the outcome of the optimal use of time as a convexifying device. The same type
of mechanism is at work for competitive versions of these growth economies.
Households facing a budget constraint reproduce, by varying their consumption
over time, the distribution of their consumption over goods induced by a lottery.
In a way they would, by their intertemporal choices, extend the commodity
space. This extension is precisely our “natural” choice of commodity space.

A Growth Economy

The growth economy provides thus a natural environment to study the relation
between lotteries and sunspot allocations. We examine this relation by using
several specifications of the economy, differentiated by time characteristics and
the number of households. The competitive equilibrium describes the growth
economy where the household consumption set and the feasibility requirement
are as previously described and there exist complete markets for time contingent
lotteries. In a sunspot equilibrium, for given (time invariant) sunspot probabil-
ity space (2,2, 5), the consumption set of the individuals is identified, at each
instant of time, with the set of (£2,2)-measurable contingent commodity allo-
cations. Feasibility, conformably with the notion of competitive equilibrium,
requires, at each instant of time, the effective investment to be equal to the
average production of investment goods. The average, this time, is taken over
the realization of the sunspot allocation according to the sunspot probability
measure 4.

In a (finite) pure exchange economy with a representative agent, feasibility
requires the sunspot allocations to be equal to the sunspot invariant endow-
ments. Thus, sunspots do not matter. However, in the growth economy, the



adopted notion of feasibility allows for non trivial randomness of feasible allo-
cations even in the model with a single representative consumer.

An equilibrium can be either intertemporal or static and the economy can
be with a single representative household or with a large number of identical
ones. The last distinction is immaterial in convex economies, but has important
consequences when preferences display non-convexities.

The intertemporal economy is just the standard competitive version of the
growth economy. We compare the intertemporal competitive equilibrium al-
locations with the intertemporal sunspot equilibrium allocations. If, at each
competitive equilibrium, lotteries are priced linearly, a quite strong result holds
true: competitive allocations and sunspot allocations coincide. Also, without
loss of generality, probability adjusted prices are sunspot invariant.

Most importantly and in the contrast with the literature, independently of
the sunspot space specification, there cannot exists inefficient sunspot equilibria.
The reason is quite simple. Households can use time. If a sunspot probability
space does not provide enough randomness to reproduce the desired lotteries,
time supplies the additional missing noise. This in turn implies that it cannot
exists a solution to the household programming problem in the sunspot economy
or, equivalently, that there cannot be an intertemporal sunspot equilibrium for
"inadequate" specifications of (2,2, ). Hence, the key question is to single out
environments guaranteeing price linearity of the lotteries in basic commodities.
As already argued, the large economy is always one of such environments. The
second requires a non-generic restriction on the technology that we call semi-
linearity. With a semi-linear technology, for each given vector of capital goods,
the isoquant curves of investment and consumption goods are linear (as in the
text book growth model). In an economy with semi-linear technologies, a lottery
is feasible if its average value is feasible. The latter is the key desideratum to
obtain linear supporting prices.

However, with a representative household (or with finitely many), for gen-
eral specifications of the technology, lottery prices are non-linear and sunspot
equilibria do not exists. We provide examples of this fact by using the static
version of the economy. The notion of static equilibrium is the restriction of the
definition of intertemporal equilibrium to vectors of allocations and prices that
are constant over time. Thus, each static competitive (lottery) equilibrium is a
stationary, intertemporal competitive equilibrium and viceversa.

At a static equilibrium, economic activity takes one period. Households max-
imize utility by selecting a budget feasible lottery, in a static competitive equi-
librium, or a budget feasible (£2,2) -measurable allocation, in a static sunspot
equilibrium. The wealth of the household(s) coincides with the value of the firm
net of capital expenses. The firm maximizes profits by selecting output (lotter-
ies or measurable allocations, depending on the economic environment), capital
stocks and investment goods. As for the intertemporal economy, the firm pro-
duction set requires the effective investment goods to be equal to the average
value of their production. The link between the intertemporal and the static
equilibria is provided by an appropriate definition of the cost capital and by the
requirement that at equilibrium investment goods are equal to zero. The allo-



cation and price vector of a static equilibrium solve the Hamiltonian system for
a stationary intertemporal allocation of the optimal growth problem. Thus, by
the Second Fundamental Theorem of Welfare Economics, the competitive static
equilibrium allocations are stationary, intertemporal equilibrium allocations.
Stationary allocations are important, simple to analyze and they are con-
structed, in standard economies, using our notion of static equilibria. Indeed in
standard, convex environments, static and stationary intertemporal equilibria
coincide. However, in our environment, sunspot (static) allocations behave dif-
ferently. There are non-convex economies with indeterminate and Pareto ranked
static sunspot equilibrium allocations associated with distinct specifications of
probability space (2,2, o). By what previously said, inefficient static sunspot al-
locations can never be stationary, intertemporal sunspot equilibrium allocations.
Thus, when preferences are not convex, static sunspot equilibria are an inad-
equate tool to analyze stationary equilibrium allocations of growth economies.
Furthermore, we show that there exists large economies with a countable infin-
ity of Pareto ranked static sunspot equilibrium allocations with aggregate pro
capita consumption invariant both across equilibria as well as across realiza-
tions of the uncertainty. Given the definition of the static sunspot equilibrium,
these equilibria are equilibria of a large pure exchange economy with non-convex
preferences. Thus, although of no consequence for dynamic economies, this con-
struction shows how problematic the relation between sunspot and competitive
equilibria is for pure exchange economies with non-convexities in preferences.

2 The Representative Household Economy

We model a growth economy with a representative household. The model is
standard except for the lack of convexity of the household’s preferences. The
particular notions of competitive and sunspot equilibria that we use are much
related to the solution of an optimal growth problem with, potentially, a non-
concave utility function. Hence, in order to clearly explain the various adopted
definitions of equilibrium we turn next (and quickly) to the optimal growth
problem. A detailed analysis of the growth problem is in Rustichini and Siconolfi

([13])-

2.1 The optimal growth problem

Consider a growth economy with a representative individual. The consumption
set in the basic commodity space is Y, a non-empty, compact and convex subset
of ?Rg The instantaneous utility function, U : Y — R, is continuous, but not
necessarily concave. A vector of capital goods is = € %f . The continuous
and jointly concave function F : %f XY — %f describes the technology. Let
g :Y — R, denote a measurable map, § = (§(t))i>0. For given initial condition
Z(0) = zg, the optimal growth problem is:

swp [ U (1)

Y



subject to the constraint:

&(t) = F(&(t),9(t), 2(0) = zo, §(t) €Y. (2)

If U is not concave, an optimal solution to 1 may not exist.

The reason is simple. If preferences are not convex, a consumption path (that
is, the § path) can give, over some time interval, a strictly higher utility than the
path equal to the average over time of the original path. So variability over time
is, from the point of view of the allocation of consumption, desirable. But the
opposite is true from the point of view of production: a variable consumption
path can yield a strictly smaller asset accumulation than the path equal to
the average over time. Making the variability occur in shorter and shorter
time periods can reconcile the two desiderata. The utility is still going to be
roughly equal to the average of utilities in different points in time. The loss in
production is going to be smaller and smaller because the resulting oscillations
in the x path are smaller and smaller. But the limiting measurable optimal path
may not exist. The next example illustrates this in a simple economy.

An economy with no optimal growth path

The economy is described by C = K =1, and F(z,y) = f(z)—y, with f strictly
concave and such that f’(1) = r and f(1) = 1. The initial condition for the
capital stock is o = 1.

The utility function U is monotonically increasing, but not concave. There is
however a concave function V' defined by V (y) = U(y) for y € [0,1/2]U[3/2, o0,
and V(y) = AU(1/2) + (1 — N)U(3/2), for each y = A(1/2) + (1 — N)(3/2),
A € (0,1). Note that V(y) > U(y), for y € (1/2,3/2).

The optimal growth problem when the utility function is V' (rather than U)
has, given the choice of our initial condition, the unique solution y(t) = z(t) = 1,
for all t. The value to the problem is 3 (U(1/2) + U(3/2)) = V(1). Furthermore,
since by construction V(y) > U(y) , for all y, the value to 1 with the utility
function V is greater or equal to the value of the problem with the utility
function U.

Consider now the growth problem with U. Fix an arbitrary time interval.
Consider the consumption path g that alternates period by period the consump-
tion levels 1/2 and 3/2. For r close to zero, the value of this path U(9) is close
to 3 (U(1/2) + U(3/2)) = V(1). Since the production function is strictly con-
cave, variability is costly. Thus, since the average (over time) consumption of
the path is 1, ¢ is, given initial condition, not feasible. However, by making
the time period arbitrarily small, the cost of the variability converges to zero
and the consumption path converges (in the appropriate topology, the narrow
topology: see below, and [17] for details) to the time invariant path in the space
of probability measures that assigns to both consumption levels, 1/2 and 3/2,
a probability 1/2.



2.2 The relaxed problem

Let M4 1(Y) denote the set of Borel probability measures on it. For any prob-
ability distribution 8 € My 1(Y), and any real valued function g(-,-), g(-, )
denotes the expectation of g according to 3, i.e., g(-,8) = fy g9(-,y)B(dy). Let
B: R, — M, 1(Y) be a measurable map. The relaxed (weak) problem associ-
ated to 1 is:

su OOU,@’tclt 3
Bp/O (B(®) (3)

subject to the constraint:

&(t) = F(2(t), 5(¢)), 2(0) = w0, B(t) € My 1(Y) (4)

In the programming problem (3), the planner can choose a path of lotteries over
the consumption set and the feasibility constraints are written in average. The
value of (3) is greater or equal to the value of (1). Furthermore, in (3), the
utility function is linear in the control variable, 5 € My 1(Y). Hence, under
our specification, there exists an optimal solution (#,3) to (3), while (1) may
not have an optimal solution. A first known result shows that the supremum
of the problem (1) coincides with the value of the relaxed problem (3). Most
importantly, a second known result shows that the sequence of deterministic
trajectories with value approximating the supremum (1) converges in an appro-
priate topology (the narrow topology) to (Z, B), the optimal solution to (3) (see
([17] for details).

These two results justify our characterization of efficient paths by means of
the programming problem (3). However, the interpretation should be clear. The
opportunity of selecting paths of lotteries over Y as well as the average form of
the feasibility requirements are not special assumptions. They emerge from the
optimal use of time as a convexifying device.

3 Intertemporal competitive equilibrium

The definition of competitive equilibrium is the natural extension of the con-
cept of competitive equilibrium for an economy with complete markets where the
household has a non-concave utility function. Faced with a budget constraint,
the household will try to randomize consumption to achieve higher utility. If
a complete market for lotteries over consumption sets exists, he will be able
to do this. The randomization over consumption corresponds to the random-
ization he can achieve in the dynamic economy by altering consumption over
time (chattering). The possibility of choosing lotteries over the space of basic
consumption goods allows him to randomize at each point in time, rather than
across time as he does with chattering. Hence, we identify the consumption set,
at each ¢, with M4 1(Y"). The (lottery) price domain is M4 1(Y)*, the dual of
M4 1(Y). It contains (an isomorphic copy of ) the set of continuous functions
on Y. We write < 13,3 > the dual pair. We denote by L the Lebesgue measure



on the real line. Firm and household allocations are vectors of paths
(ﬁfajh,df,dh,ﬂfaﬁIJ

where, #¢(t) and 4 (t) € RE are, respectively, the supply and the demand of
capital , as(t) and a5 (t) € RE are demand and supply of investment, and B ()
and j3 #(t) € My 1(Y) are supply and demand of (lotteries over) consumption
allocations. Prices are vectors of paths:

where b(t) € RX is the rental price of capital, G(¢) is the price of investment
good, and p(t) € M4 1(Y)* is the price of consumption allocations. The space
of allocations is a subset of the space of measurable functions from # to R %
M4 1(Y). The precise space is the set of measurable functions, (%, a, 3), such
that the discounted L norm is finite. Prices are linear functional on this space,
hence measurable functions with finite, discounted essential sup norm. The
inner product is defined in the natural way:

+oo
< (4b.9)(,4,8)) >= /O [a()(t) + b(t)a(t)+ < p(t), B(t) >]dt.

In the intertemporal economy, the firm and the household solve the following
problems.

Definition 1 For a given vector of prices, the firm’s problem is:

+oo
max /0 [—b(t)Z(t)+ < p(t),¥(t) > +q(t)a(t)]dt (5)

(z,a,7)

subject to
a(t) = F(&(t),4(t)) L — almost every t; (6)

A . A oo R
Let v(g, b, p) denote the value of thf} firm, i.e., v(q,b,p) = [, " [~b(t)&(t)+ <
p(t),5(t) > +4(t)a(t)]dt, where (Z,a, ) is a solution of the firm’s problem ( 5)

at (¢,0,p);

Definition 2 For a given vector of prices and value of the firm v(-), the con-
sumer’s problem is:

+oo
max /0 e U (A(t))dt, (7)

(z,a,7)(t)

+00 Foo
subject to /0 < B, A() > db — /O [b(8)&(t) — d(t)a(t)]dt < v(d, b, p);

and
#(0) =g, = 2a(t), L — a.e.



Although U may be a non-concave function of y € Y, U, and, therefore,
f0+oo e "U(-)dt, is a linear function of the lotteries, v € M; 4 (Y). Further-
more, if at equilibrium, preferences satisfy local non satiation, the path (&y,, ap)
is chosen to maximize the wealth of the household. Wealth maximization is
independent of the particular shape U and it is always a linear problem. Hence,
7 is a concave programming problem. The nature of the investment at time
t, z(t) requires some clarification. Investment is a random variable, dependent
on the realization of the random variable input. However, since this quantity
enters linearly into the consumer’s problem, we may assume that the consumer
chooses a deterministic investment at each time. The market clearing condition
on investment is satisfied L- almost surely because the market clearing condi-
tion on the stock of capital in each period is satisfied. If we write the market
clearing condition explicitly, it is stated as an equality between the expected
value of demand and supply of investment. We identify an economy with an
array (U, F, xo).

Definition 3 A competitive equilibrium of the economy (U, F, zq) is a vector of
prices and allocations

(@ b,93 2, 20, g, an, By, By)
such that
1. (&5, &p,a5) is a solution of the firm’s problem (5);
2. (&n,an, 3),) is a solution of the consumer’s problem (7);
3. Markets clear:

By(t) = B(t), 25(t) =@n(t), ar(t) = an(t), L — almost every t;

In the framework we have described, the economy is a neoclassical economy
with concave (linear) preferences and convex technology. Hence under technical
assumptions a competitive equilibrium exists, is efficient, and the second welfare
theorem holds.

3.1 Static equilibrium.

The notion of static equilibrium is the restriction of the definition of intertem-
poral equilibrium to vectors of allocations and prices that are constant over
time.

Definition 4 A static equilibrium is a vector
(q7 a, p; 'va a/fv Bfa /Bh)

where x € RYX, By Bp € My1(Y);pe Mya(Y), g€ RE, and v € R such
that

10



1. B;, is a solution of the consumer’s problem:

max  U(y), subject to < p,y ><v; 8
Lomax (7), subj P, (8)

2. The firm’s value gross of the capital expenses is
v=<p,B; > +qd

3. (wy,ap,B¢) is a solution of the firm’s problem:

(m,ag{) —rqx’ + [< p, B > +qd’] subject to a’ < F(a', ) (9)

4. markets clear:
F(zyﬁf) :07 thﬂfa le :0

The relation between the static and the intertemporal equilibrium notions
is fairly obvious. A stationary, intertemporal equilibrium is a static equilib-
rium. Viceversa, a static equilibrium (z, 8, p,q) is a stationary equilibrium of
the intertemporal economy, i.e., given the initial condition z(0) = x, the path,
(4,b,p, 2,4, B)(t) = (x,0,8,e"(q,0,p)), for all ¢, is an equilibrium of the in-
tertemporal economy. Hence, the stationary allocation (z,) is an efficient
allocation of the intertemporal economy. A static allocation (z, ) is efficient if
it is an efficient stationary allocation of the intertemporal economy, i.e., if there
exists a ¢ € R such that (v, 3) € argmax U(B) + ¢F(x, 3). (see, [13]).

4 Static and Intertemporal Sunspot Equilibria.

In agreement with the definitions of competitive equilibria, we give inter tem-
poral and static definitions of sunspot equilibria. The common element is the
existence of an exogenous (and, for sake of simplicity, time invariant) stan-
dard measurable space of extrinsic uncertainty (sunspots) (€2,.4) together with
an exogenous probability, 6. The definitions of sunspot equilibria is a sim-
ple restatement of the definitions of competitive equilibria in an environment
where there is a complete set of contingent (on the realization w € Q) com-
modities, but where lotteries are absent. Capital and investment good prices
are restricted to be sunspot invariant. As already discussed, this is a conse-
quence (given the sunspot invariance of the prices ¢) of the concavity in (Z, a)
of both the firm and the household programming problem. Let By, denote
the Borel sets of R,. In the intertemporal economy, the space of allocations
is the space of paths of (2 x Ry, A x Bx, )—measurable functions (Z,a,7) :
Q xRy — R x Y satisfying the restriction ” (2, a)(w, t) is w—invariant”, with
norm || (2,9) |l1,.= 0+oo e || &(t),supy,eq G(w,t) || dt, finite. Prices are
linear functional on this space, hence measurable functions with finite norm
| @55) loor= supiyen, € Jo || (@ b,p(@))(E) || o(dw). Hence, pw,t) is

11



an element of ?R{; for each (w,t), and, thus, prices are linear (in contingent
commodities). In the static economy, the space of allocations is the space of
(9, A)—measurable functions (#,a,9) : Q1 — R3 x Y satisfying the restric-
tion that ”(Z, a)(w) is w—invariant. ”, while prices are linear functionals over
this space. As for the notion of competitive equilibrium, in a sunspot equilib-
rium, the equivalent constraint of equation 6 in the definition 1 reads

a(t) = /QF(:fs(t), §(w,t))d(dw) L — almost every t; (10)

while for a static sunspot equilibrium, feasibility requires, in agreement with
the definition of a static sunspot equilibrium:

0= / F(z,j(w)o(dw) L — almost every t; (11)
Q

We do not explicitly write down the definitions of static and intertemporal
sunspot equilibria because, modulo the change in the allocation sets are identical
to the definitions of intertemporal and static competitive equilibria.

When, judging the efficiency of sunspot allocations we use the following
definition of efficiency:

Definition 5 A feasible sunspot allocation (&,a,4) of the intertemporal econ-
omy (U, F,xo,(Q,.A,5)), is efficient if it does not exists a feasible (lottery) al-
location (3, d',B/) of the economy (U, F,xg) such that

[ [ vt mstaana < [ @)

5 Sunspot and Lottery Equilibrium Allocations

5.1 Sunspot Equilibria in Finite Economies

As already explained, two major differences between the concept of competitive
equilibrium and sunspot equilibria are clear and crucial. The first difference
concerns the nature of the consumption sets, while the second concerns the
nature of prices. We start by analyzing the first difference.

5.1.1 Sunspot and Lottery Allocations

In economies with non convexities, there are two aspects to the link between
lottery and sunspot allocations. 1) the space of sunspots (€2,.4, 5) must be rich
enough to provide the randomness necessary to reproduce lotteries. 2) Since
(Q,A,5) is the common randomization device, individual sunspot allocations
must be appropriately correlated to be , & — a.e.w, feasible. This second aspect
is obviously absent in our representative economy. Later, when we study the
large economy, 2) will manifest necessarily itself. The first aspect is however
present and it needs to be clarified.

12



In finite, complete markets economies different specifications of the sunspot
space may yield different and Pareto ranked sunspot equilibrium allocations. In
section 8, we work out an example of an economy where distinct specifications
of the space of sunspot yield a countable infinity of Pareto ranked sunspot
allocations. The economy is a static economy with a large number of individuals,
but as we explain, it is as well a one period pure exchange economy. The
existence of multiple sunspot equilibria provides the rationale for the search of
ways to refine sunspot equilibria. ([7] ; [6]).

We identify the set of sunspots with the interval [0,1), their probability
with the Lebesgue measure L and we allow for different specifications of the
o—algebra, B, with B C B, the Borel sets over the interval [0,1). As shown
in [5], ([0,1),B,L) (or any probability space isomorphic to it) accomplishes
desideratum 1), in the following precise sense: Let C be a Borel subset of Y
and observe that §~1(C) is a Borel subset of [0, 1), for § € Y ([0,1), B), the set
of ([0, 1], B) — measurable functions from [0,1) to Y. A lottery 8 € M; +(Y)
and an allocation § € Y([0,1), B) are equivalent, § ~ f, if for any C :

B(C) = L(§~H(C)) = L{w : j(w) € C}, and, therefore, 3 = Lo j~*.

[5], in Lemma 4, proves that for each 8 € M; 4(Y), there are is § €
Y ([0,1), B) such that § ~ S and viceversa. Also, by the same argument,
for each given sunspot space (£,.4,6) and each y € Y (€, A) there exists
7* € Y(|0,1), B, L) such that §* ~ . Hence, {[0,1), B, L} is rich enough to
reconstruct lotteries as well as any sunspot allocation measurable with respect
to any arbitrarily given standard prob ability space (Q,AA, 6). From now on,
we identify a sunspot economy with the array (U, F,zq, B), B C B. While, as
already stated, a lottery economy is an array (U, F, xg).

5.1.2 Constant price sunspot equilibria.

Again following [5], a key role in our analysis is played by a particular notion
of sunspot equilibria, that we call constant prices sunspot equilibria, hereafter,
CPSE. An inter temporal CPSE is an intertemporal sunspot equilibrium with
(Q,A,6) = ([0,1), B,L) and p(t,w) = p(t), for allw € [0, 1) and some p(t) € K.
The natural adaptation of the last definition to the static environment provides
the definition of CPSE for the static economy. Whenever we talk about a CPSE
of some economy, it is understood that B = B so that we can talk of a CPSE
of the economy (U, F,zy) without ambiguity.

In pure exchange economies with non-convexities, CPSE have a very pow-
erful property. Under fairly general conditions, these two results hold true. 1)
To each lottery equilibrium supported by linear prices it corresponds an equiv-
alent CPSE and viceversa ([5], Theorem 3). 2) The sunspot invariance price
restriction is without loss of generality.

Thus, in finite economies, whenever CPSE exist, they perform as well as
linearly priced lotteries. However, the existence of CPSE (or, in general, of any
sunspot equilibrium) is related to the form of the feasibility constraint. If the
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latter is a restriction on the average (sunspot or lottery) allocation (as in a large
economy), CPSE exist, otherwise, their existence as well as the existence of any
sunspot allocation may fail. Equivalently, as we will clarify later, CPSE exists
if competitve (lottery) equilibria have linear supporting prices, otherwise they
do not. The example that follows illustrates this simple point.

Example 6 A one period economy without sunspot equilibria.

We consider a one period, two commodities, pure exchange economy with
a unique individual. The feasibility restricts the realizations of lotteries and
sunspot allocations (as opposite to their average). In this economy, the unique
efficient allocation can be supported in the lottery economy, but not in the
sunspot one.

The consumer utility function is U(y) = {¢/(y1)? + (y2)?, g > 2, and the
endowments are e = (1,1). As we argue later, if 0 < g < 2, the consumer
problem in the sunspot economy does not have a solution. For all g, the unique
efficient allocation coincides with e.

In the economy with lotteries, for given prices p € M4 1(Y)*, the consumer
seeks a lottery 8 € arg{maxgenr, ,(v) U(B) subject to fyeyp(y)ﬁ(dy) < p(e)},
while feasibility restricts lotteries into the set {8 € M4 1(Y) : f{y € Y : y <
e)}} = 1. The efficient lottery allocation is d. (i.e., the degenerate lottery that
assigns probability 1 to e) supported by, for instance, the price p(y) = U(y) €
Mi1(Y)*.

In the economy with sunspot space ([0, 1), B, L), we restrict, without loss of
generality, prices to be w — invariant and thus, for given p € Zﬁi 4 the individ-
ual seeks a sunspot allocation § € arg{max [ U(§(w))dw subject to [ p(f(w) —
e)dw < 0}. Feasibility restricts the sunspot allocations in the set {§ : L{7 :
J(w) < e} = 1. The optimal solutions are, for each w, the consumption bundle
(%,0), if p1 < pa, (0, pl;;pgx if po < p1, or the pair (2,0) and (0,2), if
p1 = p2. Thus a CPSE (and more generally, any sunspot equilibrium) does not
exist.

In the sunspot economy, for g € (0, 2), there is not a solution to the consumer
problem. To make this point, suppose that ¢ = 1 and p; = p, = 1. Pick
e >0, set g(o) = 0, for 0 > ¢ and g(o) = (2,0), for o € [0,¢). Then,
[ U(4(w))dw = 4/ which diverges to infinity as ¢ — 0.

In the same economy, with a large number of identical individuals, sunspot
equilibria exist and are efficient. We illustrate this point later on in section 8,
where we work out an example of a static large economy that, as we explain,
is as well a finite economy. However, the reason is simple. In the large lottery
pure exchange economy, by the law of large numbers, feasibility restricts the
average lottery consumption, i.e., fY(y —e)B(dy) < 0. Apparently, the situation
is different for the sunspot economy, where feasibility restricts, realization by
realization, the average taken across individuals of the sunspot allocation. How-
ever, the sunspot allocation can be appropriately correlated across individuals
in order to make the average taken across individuals equal to the average taken
across sunspot realizations. u
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There are two important differences between the growth economy and the
finite economy that change some aspects of the relation between lotteries and
sunspot. First, in the growth economy, feasibility takes a particular form that
never restricts allocations realization by realization. This is the feature that
makes the existence of sunspot possible (for some specification of the technol-
ogy) even for the representative individual growth model. Second, the use of
time as an additional convexifying device combined with the sunspots result
in the optimality of sunspot allocations. Contrary to what happens for finite
economies, if sunspot equilibria exist they are efficient. To these topics we turn
next.

5.2 Intertemporal Sunspot Equilibria.

As already said, in the growth economy, in addition to the probability space
([0,1), B, L), the representative household can use time as a convexifying de-
vice. The latter has two implications. First and in contrast to the finite economy
results, intertemporal sunspot equilibria of the economy (U, F, o, E) are effi-
cient (in the sense of the definition (5) for any B C B. Second, all intertemporal
sunspot equilibria are, without loss of generality, CPSE. To avoid confusions,
we are not showing that sunspot equilibria exits, but rather that, when they
exists, they are efficient and CPSE. The first property implies that ([0, 1), B)
provides, at each ¢, enough variability to reproduce the optimal lottery and that
the latter, by definition of sunspot, can be supported by linear prices. This sec-
ond property has a key implication. When the representative agents maximize
facing linear prices, they optimally select allocations yielding the value of the
concave regularizations of their objective functions. The next Lemma makes
precise this statement. Let V = co U be the concave regularization of the
utility function U, since Y is compact, V' can be defined as:

V(y) = maxgenr, ., (v){U(B), subject to y(B) =y}, fory € Y.

For given B C B, household wealth W and price trajectory p consider the
two following programming problems:

U) max / / t))dw)dt
§(t)eY ([0,1),B) Ry [0,1)
subject to
[ ([ bt < w
Ry [071)
and
(V) max / / t))dw)dt
§(t)eY ([0,1),B) Ry [0,1)
subject to

/m (/[071 Pw, £)j(w, t))dw)dt < W.
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The next lemma explains the relations between the optimal solutions to (U)
and (V). Its proof is deferred to the appendix.

Lemma 7 Any optimal solution to (U), §*, is an optimal solution to (V). Fur-
thermore,

/;m e /[01 t))dw)dt = /%+ e_Tt(/[OJ)(V(f/*(w,t))dw)dt.

We now exploit Lemma 7 to show that each intertemporal sunspot equi-
librium of (U, F, o, B) is a sunspot equilibrium of (V| F,zg, B). To simplify
notation we denote by 7 prices and by & allocations.

Proposition 8 Let (7", é*) be an intertemporal sunspot equilibrium of the econ-

omy (U, F, xg, ) Then, (7 ,f ) is a sunspot equilibrium of the economy (V, F, xy, B)
Furthermore,

/ém eTt(/[071)(U(:t]*(w,t))dw)dt = /gh eTt(/[o)l)(v(?)*(w,t))dw)dt.

Proof The economies (V, F, z; B) and (U, F, xo,é), when facing identical
price trajectories, have identical profit and household’s wealth maximization
problems. Thus, we just need to prove that §* is an optimal solution to

max / T / t))dw)dt
9(t)eY ([0,1),B) Jn, [0,1)

subject to

/Sh(/[o’l)ﬁ(w,t)g)(w,t))dw)dt < /§R+(/[O’l)ﬁ(w,t)g*(w,t)dw)dt.

This follows immediately from Lemma 7 which implies as well the second part
of the proposition. n

The economy (V, F,r; B) is a concave economy. Therefore, sunspot do not
matter. This is the key property that we exploit in order to show both that
sunspot equilibria are efficient and that they are, without loss of generality,
CPSE.

Proposition 9 Let (7, é) be a sunspot equilibrium of the intertemporal economy
(U, F,z0,B). Then: 1) € is an efficient allocation of the economies (U, F, )
and (V, F,xq); 2) (7,€) is, without loss of generality, a CPSE of the economies
(U, F,x0) and (V, F, xo)

Proof By proposition 8, (#,€) is a sunspot equilibrium of (V, F, g, B).

Since the latter is a concave economy, by the First Fundamental Theorem of
Welfare Economics, ¢ is an efficient allocation (according to definition 5) of
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the economy (V, F,z). Suppose that, by contradiction, there exists a feasible
lottery allocation (Z*, a*, B ) of the economy (U, F, xp) such that:

/m U W) /m e /Q (U, £))do)dt (12)

Since, by the deﬁnition V(y) > Ul(y), for all y 6 Y and since, by proposition
8, f§R+ e ([ (U(§(w, t))dw)dt = féﬁ e_Tt (Jo(V(§(w, t))dw)dt, 12 implies that

f§R+ e "tV (B*(t))dt > f§R+€ "o (V ))dw)dt A contradiction. Thus, 2)

holds true. Since é is efficient for (V, F , xo) and the latter is a concave economy,
the following equalities hold true:

/ V(g(w,t))dw = V(/ J(w,t))dw), and (13)
[0,1) [0,1)

Jio.y @), g(w, t))dw = F([iy 1) (&(1), §(w, ))dw)).

Thus by 13, (:% a,7) is an efficient allocation of the intertemporal economy
(V,F,xg), for g(t f[o 1 (w,t)dw. Therefore, there exists a sunspot invariant
price (G*, b*, p*) that supports (&, a, ) as a (degenerate) sunspot equilibrium of
the economy (V, F, ¢, B*), for any B* C B. However, again by 13, (¢*,b*,p*)
supports also the allocation (Z,a, ) as an intertemporal sunspot equlhbrlum
of the economy (V, F, zg, B*), for any B c B* C B. Hence, to conclude the
argument we need to show that (G*, b*, p*) supports (&, a, §) as an intertemporal
sunspot equilibrium of the economy (U, F, 2, B*), for any Bc B*CB.

Since the economies (V, F,r; B*) and (U, F,r; B*), when facing identical
price trajectories, have identical profit and household’s wealth maximization
problems, it suffices to show that §(¢);>¢ is an optimal solution to

max, ;) ey (0,.1),8) Jr, € o,y (U@(w, 1))dw))dt
subject tofgR P*(t) ([ ¥(w, t))dw)dt < f% pr(t (f[oyl)gj(w,t))dw)dt

Suppose by contradiction that there exists a budget feasible allocation ¢’
such that ¢'(t) € Y([0,1), B*), for all ¢, and

/m e /[O,l)w@'(w,t))dw)dt > /% e /[071)<U<g<w,t>>dw>>dt

-/ e /[071)<v<g<w,t>>dw>dt.

However, the definition of V' and the previous inequality imply that

/§R+ eTt(/[o,l)(V(g)/(w,t))dw)dt > /Sh ert(/[o,l)(V(g)(w,t))dw)dt.

A contradiction. -
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The converse of the last proposition is not true. We will show that there
are competitive equilibria that can never be implemented as sunspot equilibria.
Thus, we look for economically meaningful restricted environments, where the
equivalence of sunspot and competitive equilibria is guaranteed. One restriction
that delivers the equivalence result is on the technology F', we call it ”semi-
linearity”. The second important environment is the large economy. Next we
turn to semi-linear economies.

5.3 Sunspot equilibria and semi linear economies

An economy (U, F,r) is semi-linear if F'(z,y) = f(x) + By for some (concave)
function f : Rf — RX and matrix B of dimension L x K. Semi-linear economies
have an appealing feature: equilibrium prices are (without loss of generality)
linear, i.e., < p,8 >= p [yB(dy), for some p € Rﬁ. The latter is obviously
a necessary feature to allow for the existence of sunspot equilibria. First we
show that prices are indeed linear in a semi-linear economy and than we exploit
this feature to construct equivalent CPSE. The next proposition shows that lot-
tery equilibrium allocations of a semi-linear economy are closely related to the
equilibrium allocations of the concavified version of the economy. Most impor-
tantly, the supporting prices are identical and, therefore, linear. Let (a*, Z*, §*)
be a feasible allocation of the semi-linear economy (V, F,zg) and let (&,:%,B)
be an allocation of the semi-linear economy (U, F,zy). The two allocations are

equivalent if (a*,2*)(t) = (a,2)(t), U(B(t) = V(§* (1)) and y(B(t)) = §*(t), for
L —a.et.

Proposition 10 Let F(-) = f(-) + By. The economies (U, F,r) and (V, F,r)
have equivalent efficient allocations. Furthermore, without loss of generality, the
supporting prices are in both economies equal and linear.

Proof Let (a,2,9) be an efficient allocation of the semi-linear economy de-
fined by (V, F,x0). Let 3(t) € arg{max,cpr, , U(7) subject to y(v) = §(t)}. By
the definition of least concave, V (§(t)) = U(B(t)) and by the semi-linearity of the
technology, (&,33,,@) is feasible. Thus, the allocations (a, &, ¢) and (d*,i:*,,@) are
equivalent. Since, (a,%, ) is efficient for (V, F, z), the definition of V' implies
that (d,aﬁ,B) is efficient for (U, F,xzg). Conversely, let (d,aﬁ,ﬁ) be an alloca-
tion of the semi-linear economy (U, F,xo). Then, by the semi-linearity of the

technology, B(t) € arg{max U(~y) subject to y(y) = y(6(t))}. Thus, U(B(t)) =
V(y(B(t)). Then, the allocations (d,,3) and (a,2,95), 95(t) = y(B(t)), for
all ¢, are equivalent and, quite obviously, (a, &, ;QB) is an efficient allocation of
(V,F,z0). Thus the first part of the proposition holds true. Consider a pair
of efficient and equivalent allocations (a, &, B) and (a,z,9). By the concavity
of (V, F,z), there exists a price (¢, 13,]3), with p(t) € RE, for all ¢, supporting
(a,%,7) as a competitive equilibrium allocation. Thus, we need to show that
(,b, p) supports (@, 2, 3) as an equilibrium allocation of the economy (U, F, z).
Since the firm profit and the household wealth maximization problems are iden-
tical in the two economies, we just have to show that B is an optimal solution
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to: max fﬁh e "tU(Y(t)dt subject to fgfe+ p(t)y(H(t))dt < fgfe+ p(t)y(t))dt Once

again, the definition of V' implies the claim. n
The proposition allows for an immediate characterization of intertemporal

equilibria of the semi-linear economies in terms of CPSE sunspot equilibria.

Corollary 11 Let (g, B,ﬁ, z,a, B) be a competitive equilibrium with linear prices
of the semi-linear economy (U, F,r). Then, there exists a consumption sunspot
allocation §, with §(t) ~ B(t), for all t, such that the vector (g, b,p, &, a, g) is an
intertemporal CPSE.

Proof This is an immediate consequence of the equivalence relation ~. It
suffices to observe that, for any given measurable function g and any allocation
7 € Y(|0,1), B), by the standard change of variable formula, f[o 1 g(G(w))A(dw) =

Jy 9(y)Log~"(dy). However, for § ~ 3, 8 = Log ™", hence [, g(y)roy™'(dy) =
[y 9(y)B(dy). It follows that at common prices (g, 13,]3), equivalent paths (Z, @, A)
and (&,a,y) yield the same value of profits, overall utility and budget con-
straints. Since for each § € Mj 1 (Y) there exists equivalent § € Y ([0, 1), B),
and viceversa, the latter implies the claim. n

Proposition 10 implies that every competitive equilibrium can be supported
by linear prices. Thus, Corollary 11 implies that every competitive equilibrium
allocation can be supported as a sunspot equilibrium allocation. Furthermore,
Proposition 9, imply that also of the converse of the claim in Corollary 11 holds
true. Hence, lotteries and sunspot are in the semi-linear environment equiva-
lent. Propositions 9 has another interesting implication. Consider (Z,a, ) an
inter-temporal sunspot equilibrium allocation of the economy (U, F, x, B), with
F (not necessarily a semi-linear). By Proposition 9 , (&, @, %) is an inter tempo-
ral sunspot equilibrium allocation of (V, F, :CO,B). Hence, f[o,1) V(g(w, t)dw =
V(f[o,l)y“(w,t)dw and f{O,l) F(z,9(w))dw = F(, f[071)g(w)dw, for L — a.e.t.
Thus, both V and F' are linear in the in the relevant range. In other words, if
there are intertemporal sunspot equilibria, the representative agent economy is
without essential loss of generality, semi-linear.

6 Non Existence of Sunspot Equilibria.

The converse of proposition 9 (point 1) is not true. There are intertemporal
competitive equilibria of economies (U, F,zy) that do not allow for an equiv-
alent CPSE. Equivalently, by proposition 9 (point 2), there are intertemporal
competitive equilibrium allocations of (U, F’, zp) that cannot be supported as in-
tertemporal sunspot equilibria. There are also economies (U, F, o) that do not
have intertemporal sunspot equilibria at all. In this section, we construct exam-
ples by using the static notion of equilibrium. However, before doing that we
need to clarify the relation between static and intertemporal sunspot equilibria.
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6.1 Static and Stationary Sunspot Equilibria

The relation between the static and the intertemporal notion of lottery alloca-
tions is, as already mentioned, clear. Efficient static allocations are efficient,
stationary intertemporal allocations. Also, static competitive equilibria are sta-
tionary, intertemporal competitive equilibria. However, there might be static
sunspot equilibria that are not intertemporal (stationary) sunspot equilibria.
The reason is simple. In the static formulation of the model time is absent,
while in the intertemporal version, agents can use time to generate lotteries over
basic commodities. When prices are, as in the sunspot case, linear, the agents
can reproduce lotteries that yield the least concave utility function. Hence, only
static sunspot equilibrium allocations yielding the least concave utility can sur-
vive the test of time, i.e., they are stationary, intertemporal sunspot equilibria.
This is summarized in the next proposition.

Proposition 12 A static sunspot equilibrium of the economy (U, F, 3) s a sta-
tionary, intertemporal sunspot equilibrium only if it is a static sunspot equilib-
rium of the "concavified "economy (V, F,T;B) (as well as, a stationary, in-
tertemporal sunspot equilibrium of the concavified economy (V, F,r; B) ).

Proof The argument is a trivial consequence of proposition 9. m

6.2 Examples

We construct (open sets of) static economies (U, F') that have:

1) a continuum of Pareto ranked static sunspot equilibria associated to dis-
tinct specifications of the sunspot space;

2) efficient allocations supportable by static sunspot equilibria, but not by
CPSE, and an empty set of intertemporal sunspot equilibria for some value of
the initial capital stock xg and for all BC B;

3) with an empty set of static sunspot of equilibria for all Bc B.

By proposition 9, the Pareto ranked static sunspot allocation cannot be in-
tertemporal sunspot allocations and intertemporal sunspot equilibria are, with-
out loss of generality, CPSE. Thus, point 1) does not apply to the intertemporal
economy, while 2) implies that sunspot and lottery intertemporal equilibrium
allocations are not equivalent and that the set of intertemporal sunspot equilib-
ria may be empty. Thus, 1) - 3) point out that, when preferences are not convex,
static sunspot equilibria are a inadequate tool to analyze stationary equilibrium
allocations of growth economies.

Proposition 13 Static sunspot equilibria may fail to exist. When they exist
they may be indeterminate and inefficient. Efficient stationary allocations may
be decentralized as static sunspot equilibria, but not as static CPSE.

Example 14 An economy may have a continuum of static sunspot equilibria,
all Pareto ranked.
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The economy is described by C = K = 1, and F(z,y) = f(z) —¢%, 0 > 1,
with f strictly concave and such that f’(1) = r. The utility function has
U’(0) = 400, is monotonically increasing in an interval [0, M], and is such that
co U(1) > U(1). For example the following utility function satisfies all these
conditions:

U(y) = min{max{y®,y},2M -y}, (14)
where a € (0,1) and M > 2, arbitrarily large.
We restrict the space of extrinsic uncertainty to two points w € {1,2} with
o(1) = 0. We set ¢ = 1/6. The first order conditions for the firm’s problem
(recall that this problem is concave) give that the equilibrium capital is

=1 (15)
and the firm’s supply of y is

Jp(w) = (p(w)™T, w=1,2 (16)

when 6 > 1. When 6 = 1, the equilibrium prices are p(w) =1, w = 1,2. At the
equilibrium prices, the set of optimal y’s is the set of non negative quantities.

For given 6 > 1, a static, sunspot equilibrium allocation §* = (§*(1), 5*(2))
satisfies:

1. the solution of the consumer’s problem,
max U(g(w)), subject to Zo(w)(g}*(w))eflgj(w) < Zo w
w w

subject to coincides with g*,
2. the market clear: Y o(w)(§*(w))? = 1.

When max{—~~ = 1) #)1)(2)} < M or equivalently, W(l) <o < %,
the utility function is monotonically increasing in the budget feasible set, so
the solution of the consumer problem will satisfy the budget constraint as an
equality. The first order condition that marginal utilities are equal at the two
choices (w) is necessary. Consider for example the utility function in equation
( 14). Note that the equilibria are symmetric: to any equilibrium at (0,1 — o))
corresponds an equilibrium at (1 — o,0), so we only consider o = o(1) < 1/2

The Inada condition that U’(0) = +oco insures that y* > 0. Let, with-
out loss of generality, ap(2) < p(1). (Otherwise relabel the states) Since,
limy1 U'(y)/p(1) = a/p(1) < limy; U'(y)/p(2) = 1/p(1), the budget feasi-
ble allocation §j(w) = 1, w = 1,2 is not optimal. Then, the sunspot equilibrium
allocation §* together with the supporting prices p* is a solution to the following
system of equations:
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The latter is a system of 4 equations in 5 unknowns (¢, p, o). The solution
changes with o and this gives the continuum of equilibria. The value depends
on o, and the equilibria are Pareto ranked. The case 6§ = 1 is simple:

1. there is an equilibrium for any o € (1/M,1/2];
2. the allocations are different for different o

1-(1 —U)ozﬁ

). 1
T i, 9

§(o) = (

3. the value is strictly decreasing in o, and given by:

1

14 (1-0)(a™a —aT=), (19)

The allocations described in 2. satisfy §*(2) € (0,1) and y*(1) € (1, M), for
o € (1/M,1/2]. The matrix of partial derivatives of the system of equations
17 with respect to (y,p) is for, # = 1 and for any o € (1/M,1/2], invertible.
Hence, for ¢’ € (1/M,1/2], by the implicit function theorem, for each (6, o) in
a neighborhood of § = 1 ¢/, there exists a sunspot equilibrium. n

The economy in the next example, has a unique and stationary efficient
allocation that can be supported as a static sunspot equilibrium, but not as
a static CPSE. Thus, by proposition 9, intertemporal sunspot equilibria are
CPSE. Thus, the example shows the existence of economies with an empty set
of intertemporal sunspot equilibria (but with a non-empty set of static sunspot
equilibria). The reason is simple: there are static economies where the efficient
lottery cannot be supported by linear prices and, hence, in virtue of the isomor-
phism theorem, by a CPSE. Quite surprising, they can be supported by sunspot
equilibria that display sunspot price variability. Furthermore, the example is in
contrast with the findings of [5] for finite, pure exchange economies. The exis-
tence of sunspot equilibria which are (genuinely) not CPSE is, in that context,
possible only with finite sunspot state space and discrete consumption sets.

Example 15 There are economies (U, F') with efficient allocations supported as
static sunspot equilibria, but not as static CPSE. These economies have empty
set of intertemporal sunspot equilibria.

The economy is defined by the technology of the previous example and the
utility function in equation (14), with parameter values («,0), § > 1 and « €
(0,1). The optimal amount of capital is equal to 1, for all §. The optimal lottery
B* is found by solving the following steps:

1) for given ¢ > 0, find the set Y*(q) = arg max, U(y) — qy’

2) find a price for the investment good ¢ and a probability distribution over
Y*(q) such that y?(8) = 1 for 8 € My _(Y*(q)). Recall that, by definition, for
yandy € Y*(q), Uy) —a(y')’ = Uly) — a(y)’.

Since limy11 U'(y) = a < limy; U'(y) = 1, the deterministic allocation
B* = &, is suboptimal for all parameter values, a € (0,1) and 6 > 1.
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To characterize the optimal lottery we seek values of the four unknowns
(y1,¥2, B, q) that satisfy four equations (market clearing, two optimality con-
ditions, y; € Y(q), and U(y1) — q(y1)? = U(y2) — q(y2)?). In order to avoid
complications, we restrict the parameters values so that the solution satisfies
ys < M. Thus, we constraint («,#) in the set P(M) = {(a,0) : a € (0,1),
6 > 1 and y; < M}, an open subset of Ri. By straightforward computations,
the unique solution is:

* 0—a —5(91:1> —5(11, 5 * 0—a ‘9(9—1_7@) 0oy
Ui 9_1) « (a) 5 Yy = (9_1) * (0‘> ),
B} (0—a)(6—1) —a(0—1) x0_q

qF = 0_1(3_;(;) (1l—c) (a> (1 —c0) , and ﬁ* _ y237

7.
ih

For given 6 > 1, both yj and y; are strictly increasing functions of a. For
a=0,y5 = % > 1 and yi = 0, while for a = 1, y7 = 1 (and y3 = 00). Thus,
for every a € (0,1) and # > 1, the optimal lottery has a two point support
with 0 < ¢y < 1 < y5 < M. It is easy, but tedious to show that, a(t) = 0,
Z(t) =1 and B (t) = B is the unique efficient allocation of our growth economy
for g = 1.

In order to show that the efficient stationary allocation can be supported as a
static sunspot equilibrium, we take Q = {1, 2} with ¢ = 8*. Profit maximization
pins down the supporting prices as:

pH(w) =g 0(ys)’ " w=1,2.
oU(y7)/0y

(1) g equal to the value of the marginal rate of substitution, U (y) /0y at

(3
‘fhé )efﬁcient allocation. This is not surprising, since both yi and y; belong
to regions where the utility function is concave. Furthermore, for each given
M > 2, g:—gg # 1, for an open and dense set of parameter values in P(M).
Hence, for (o, 6) in an open and dense subset of P(M), efficient allocation are
supported as sunspot equilibria, but not as CPSE. Thus, by proposition 9, the
uniqueness of the efficient allocation implies that, for these parameter values,
the set of sunspot equilibria is empty. "

The last example has shown that the set of intertemporal sunspot equilibria
may be empty, the next shows that even the set of static sunspot equilibria
may be empty. Since static equilibria have a somewhat minor interest, we skip

details.
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Example 16 An economy (U, F) does not have static sunspot for any o-algebra
B CB.

Let C =K =2, and
1
3
while the preferences are defined by

U(y1,y2) = y2 + u(y1), (21)

where for a < 1 and € > 0 and small enough, v is defined by

Fi(z1,91) = =(fi(z1) — y1), and Fa(w2,2) = fa(z2) — y2 (20)
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(ll—le)yl - (10+6)7 for Y1 € [Oa 1- 6),
w(y) = yi+ (a/2)[(y1 —1)> = (€)?], for y1 € [1 — €, 1 +¢]
y1, for y; > 1+e€

The function u is continuous and piecewise differentiable, and therefore so
is U; for € small enough, U is strictly increasing.

Since the functions F; are, for ¢ = 1,2, separable in x and y, the optimal
capital stocks are independent of prices and are found by solving:

max a; f (z;) — 124,
z;

for i =1,2 and a; = 1/2 and ay = 1. Since f; are strictly concave the optimizers
x; are unique and we take them to satisfy:

fap)=ai =1, fori=1,2.

In this static economy, although the utility function is not concave, the
planner allocation, (z*,y*), is deterministic, it is equal to (1,1,1,1). However,
(1,1) is a non-concave region of the utility function. This is the driving force of
the next proposition.

Proposition 17 There are no sunspot equilibria of the static economy defined
by (20), (21).

Proof See [13]. n

7 The Large Economy

In this section we study the version of the economy with a large number of
identical households. For large numbers of individuals we mean (as usual) that
the law of large numbers holds true. Namely, if we assign to each household
an i.i.d. lottery B8 € M; +(Y) , the pro capita average allocation is equal
(with probability one) to y(8) = [yB(dy). The particular specification the
measurable space of households is not important, provided that the law of large
numbers holds. We take it to be {[0,1), B, L} (with the usual caveat that
applies to the validity of the Law of Large numbers with a continuum of random
variables). As for any large economy, we assume that feasibility is a restriction
over the random realizations of the pro capita total output.

We limit attention to efficient allocations yielding the same level of utility to
each household, ”equal utility allocations.” This is a natural restriction dictated
by our framework. In the market economies, households face the same prices
and they have identical wealth, choice sets and preferences. Hence, at any
conceivable competitive equilibrium, households get identical utility levels. The
characterization of efficient ”equal utility allocations” is substantially simplified
by the existence of a large number of households. The set of consumption
allocations, at each instant, can be identified just with the set M; 4 (Y). To
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each § € M; +(Y) it is associated the pro capita consumption, y(8). Hence,
feasibility is just a restriction over average output. The reason is obvious. First
assign to each household in the economy independent lotteries identically equal
to 5. Then invoke the law of large number and conclude that the average output
is equal (with probability 1) to y(5). One can show that by considering more
general random allocations, efficiency is not enhanced, [14].

It should be clear at this point that a large economy has basically the same
properties of a semi-linear economy. Every time feasibility is a restriction on the
average values of the lotteries, the basic properties of equilibrium and efficient
path of the economy (U, F,r) are closely captured by those of the concavified
economy (V, F,r). This is the substance of the arguments, which, are obviously
very similar to the ones used for the semi-linear case.

7.1 Equal Utility Efficient Paths

Equal utility efficient paths are the solution to the following programming prob-
lem:

max / e~ U(B(1))dt subject to F(&(t), y(3(1) = #(t),#(0) = z0.  (22)
(#,8)

The optimal solutions to (22) can be characterized in a simple way by making
reference to the ”concavified” economy (V, F,r) Hence, consider the following
programming problem, where, given the concavity of V', the planner optimizes
within deterministic allocations:

%Zf/e*”‘/(gj(t))dt subject to F(&,9(t)) > i(t), 2(0) = . (23)

Let V' (x0) be the value of (23) and U(zg) be the value to (22). Then:

Proposition 18 (&,7) is an optimal solution to (22) if and only if (&, 3) with

UB() =V(§(t) and y(B(t)) = y*(t), for all L — a.e.t, is an optimal solution
to (23). Hence, V(xo) = U(xo).

Proof The proof is an easy consequence of the definition of least concave
function. "

7.2 Lottery and sunspot equilibria

The large competitive economy with a complete set of markets for lotteries
is identical to the one we have already described. The only difference is in
the presence of a large number of households. In order to characterize the
equilibria of our large economy, we follow the same technique adopted for the
characterization of efficient paths. We study the ”concavified” economy where,
rather than U, V is the utility function of the households.
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The efficient allocations of the concavified economy and the efficient alloca-
tions of the large economy are equivalent in the sense of proposition 18. Fur-
thermore, for both economies, competitive allocations and efficient allocations
coincide. Hence, the two economies have equivalent competitive allocations.
In the next proposition, we state that they have identical supporting prices.
Therefore, supporting prices of large economies are linear in commodities. This
is the key fact for sunspot decentralization of the efficient paths.

Proposition 19 Let (,a,9) be an efficient path of the ”concavified” economy
supported by prices (4,b,p). Then the efficient path (Z,a, ), with U(B(t)) =

V(9) and y(B(t)) = 4(t), of the large economy is supported by the same prices.

Proof The proof is basically identical to the proof of proposition 10 and it
is, therefore, omitted. n

7.2.1 Constant Prices Sunspot equilibria

Propositions 10, 18 and 19 establish a strong similitude between representative
economies with semi-linear technologies and economies with a large number of
households. Since feasibility is a restriction on average consumptions alloca-
tions, both economies display trajectories ”similar” (in the precise sense stated
in the various propositions) to the trajectories of their corresponding ” concavi-
fied” economy. Most importantly, both economies have equilibrium prices linear
in commodities. It is not a surprise, therefore, that the results of Corollary 11
generalize to large economies. However, there is a difference between this two
environments that makes the extension non immediate. In the representative
household semi-linear environment, aggregate and individual consumption are
obviously equal. Consumption may be random, although only its average value
is of importance for feasibility. In the large economy, individual and pro capita
consumption are very different. The first may display randomness, while the
second is deterministic and equal to the average value (over lottery realizations)
of the random individual consumptions. Hence, as already mentioned, sunspot
allocation have in the large economy the additional task of creating enough
correlation among individual allocations in order to make the pro capita con-
sumption sunspot independent and feasible. A sunspot consumption allocation
of the large economy is a measurable map A : [0,1)2x Ry — Y, where A(h,w, t)
denotes the consumption bundle consumed by individual A at ¢ when w realizes.
Given an initial condition o, an intertemporal C PSFE of the large economy is an
w —invariant trajectory of prices (4, b, p), of investments, capital goods and pro
capita consumption allocations (Z,a,y) and a consumption allocation A such
that i) (&,d,) is profit maximizing at (§,b,p); ii) (&,a, A(h)) is utility maxi-
mizing at (¢, b, p), for L — a.e.h; iii) f[O,l) A(h,w,t)dh = y(t), L x L —a.e.(w,t).
w) F(&(t),9(t)) > a(t), L — a.e.t. We exploit propositions 18 and 19. Hence,
for given initial condition, we take a competitive equilibrium allocation of the
concavified economy and we show that the same prices support a CPSE with
equivalent allocation. This result implies, by propositions 18 and 19, that any
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efficient (lottery) allocation of the large economy can be equivalently supported
by a CPSE.

The following observation, although not necessary (see for instance [5]),
greatly simplifies the argument. Consider the set = = {(y,u) : y € Y and
u=U(y)} € RE}. Let CH(Z) C Rt be the convex hull of Z. Consider an
equilibrium allocation of the ” concavified” economy. For each ¢, by the definition
of least concavity, (§(t), V(4(t))) € CH(E). Then, Caratheodory’s theorem im-
plies that there exists at most C'+2 consumption bundles (¢ (¢), ...., go42(¢)) and
B(t) € A(C'+2) such that .8, (£)fi(t) = §(t) and B, (O (9(t)) = V(i(1))-
Hence, when we analyze efficient (lottery) allocations of the large economy there
is no loss of generality in restricting attention to allocations B(t) with support
consisting of at most C' + 2 points.

Proposition 20 Let (g, 13713;55, a,4) be an intertemporal equilibrium of the con-
cavified economy (V, F,xzq). Then, there is a sunspot allocation A, with

/A(h,w,t)dw = 4(t),

and f[o,l) U(A(h,w,t))dw = V(§(t)), for L x L — a.e.(h,t), such that the vector

(q,b,p;&,a,4,A) is an intertemporal CPSE of the large economy.

Proof By proposition 10 and corollary 11, at (4, l;,]ﬁ) households maximize
utility by selecting the capital and investment trajectories (Z,a) and an indi-
vidual sunspot allocation §* such that

/ UG (t,w))dew = V(§(2))
[0,1)

and f[o 1 7*(t,w)dw = g(t). Hence, we just have to show, that there exists
a function A(.) such that A(h) = §*, for all h, and f[o,1) A(h,w, t)dh = 9(t),
L x L — a.e.(t,w). By Caratheodory’s theorem, for each ¢(t) there exist 8(t) €
A(C +2) such that U(y(3(t))) = V(5(¢)) and y(A(¢)) = §(t). Denote by jiu(t).
k =1,...,C + 2, the points in the support of 3(t). Divide, for each ¢, the set of
sunspots [0,1) in the C' + 2 disjoint intervals, I (t) = [Ef;&ﬁj(t),ﬁl?:oﬁj(t)),
with the convention that 3,(¢) = 0. Let + denote addition modulo 1. Then A
is defined as: R
A(h,w, t) = §x(t), if wth € L.(t).

Evidently, A(h) = §*, for all h, and f[o 1 A(h,w,t)dh = §(t), since L{h :
A(hyw,t) = o)} = L{h : hdw € L. (t)} = B,.(), for each pair (k,t). n
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8 Indeterminacy of static sunspot equilibria.

We construct an example of a large static economy with a countable infinity of
sunspot equilibrium allocations, which are Pareto ranked. Once again, inefficient
sunspot equilibria of the large static economy can never be stationary sunspot
equilibria of the large economy. However, there is a significant difference be-
tween the example 77 and the present one, which justifies its construction. The
static economy with a representative household bears no similarity with any
finite dimensional Arrow-Debreu economy. This is particularly evident when
equilibrium calls for random consumption allocations. The latter maps into
randomness of the investment allocations, a = F(x,y). Feasibility requires that
investment be equal to zero in average. It is this requirement that makes the
representative household, static economy very different than anything else.

The situation is quite different for a large economy. Randomness in indi-
vidual consumption allocations does not translate (at efficient allocations) into
randomness of investment allocations. When pro capita output is deterministic,
feasibility in the static large economy is identical to feasibility in any finite di-
mensional Arrow-Debreu economy with a large number of identical households.
In particular, it is immediate to show that for specific choices of the map F,
the equilibrium of the large static economy is an equilibrium of a large pure
exchange economy (with identical individuals) with the same preferences and
endowments equal to the efficient pro capita aggregate consumption of the static
economy. We make sure that this feature is present in our example. Hence, the
Pareto ranked multiple equilibria of the large static economy are equilibria of
the ”isomorphic” pure exchange economy.

8.1 The economy

There is a unique consumption good and a unique capital good. The technology
is F(x,y) = 1/2(f(x) —y?). f is chosen so that for 2* = arg max(f(z)/2) — rz,
f(z*) = 1. We identify the space of sunspots with a set of J points having
identical probability 1/.J for some integer J > 1. The prices of the consumption
good are restricted to be sunspot invariant and normalized to one. The form
of the technology F' and the restrictions on sunspots and prices immediately
imply that ¢ = 1 and the output of the firm is equal to 1. Hence, the econ-
omy is isomorphic to a standard pure exchange economy populated by identical
households with one unit of endowment of the only existing good. There is a
unique consumption good and a continuum of identical households, with generic
index h in the space {[0, 1), B, L}. The utility function U is piecewise linear and
non decreasing. 3 More precisely the function U is defined by:

07 for Y € [O,y*]a
U= aly —ys), for y € [ys, yp),
a(yp — y«) + (¥ — yb), for y > ys.

31t should be evident from the analysis that, at the cost of heavier computations, all the
conclusions can be generalized to strictly increasing and non concave functions.
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We assume:

Hl) ye <1<wyp, H2)1>6=a(yp —y«)/yp >y and H2) a(1l — y,) —v > 0.

H1 allows for the existence of sunspot equilibria. By H2 there is a least concave
function V associated to U. H2 and H'2 are not essential, but they simplify
the computations. The least concave function associated with U is:

v ( dy, for y € [0, ), >
alyy — y«) + vy — ), for y > ys.

There is a complete set of contingent commodity markets, where individuals
buy contingent commodity bundle y’ = (y,...,ys) at prices p; = 1, for all j.
In the next two sections we drop the subscript h. Since states are equiprobable,
the programming problem of the households is:

(H”) max ¥;U(y?), subject to g (y; —1)=0.
yJ -
J

Let yn(J) be the set of optimal solutions to (H7). An allocation A7 is a
measurable map from [0, 1) to R{. A7(h), h € [0,1), is the vector of contingent
commodities of individual h prescribed by the allocation map A”.

An allocation A7 is feasible if

/ A7(h,j)L(dh) = 1, for all j =1, ..., J.
[0,1]

Given J, a sunspot equilibrium is a feasible allocation such that A(h) € y(J),
for L — a.e.h.

8.2 Individual Optimization Problem

Facing several equiprobable states and sunspot invariant prices, households opti-
mize by selecting few consumption bundles and making endogenous their prob-
abilities by associating an endogenous number of states to each distinct con-
sumption bundle. This idea is formalized by the next lemma the proof of which
is in the appendix. Let S(y”) = {y € R} : y; = y, for some j}, y’ € y(J).

Lemma 21 #S(y”’) <2, for all J and some y’ € y(J).

Because of Lemma 21, in order to get insights into the optimal solution to
(H”), we can study, first, a fictitious and simple programming problem with
two states of uncertainty and with o € (0,1) denoting the probability of the
first state. The two prices are sunspot invariant and equal tol. The household
solves:

(H?) maxoU(y1) + (1 — o)U(ys), subject to oy + (1 —o)ya <1
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The set of optimal solution to (H?) is denoted by §(c) = (y1,y2)(c). Evi-
dently, (y1,y2) € (o) if and only if (y1,y2) € §(1 — o). Hence, we just analyze
the problem for o € [1/2,1).

Let 0* be such that

(I—0")p =1

By H1, o* € (0,1) and since (1—0*)U(yp) = V(1 =0")yp), §(c*) = (0, ys).

Given the symmetry of the problem, we assume, without loss of generality, that

o* >1/2.

—)L, Unfo) = (1—U)U(%)7 and 5 — &=V —1)

l-0o —0 y(a—7) — —ay.

g (o) = (0, € (0,1).
By H2 and H2', 5 € (¢*,1). The optimal solution and the value, W(o), of

the programming problem, (H?), are characterized by the next lemma whose

proof is postponed to the appendix.

Lemma 22 The optimal solution to (H?) is equal to

QH(J)a fOTU_G [1/275—)7
i0) = | 96) = im(o) UL, foro=a,
9(o) =1, for o € (7,1].

The value to H, W (o), is equal to Uy (o) and strictly increasing in [1/2,0*],
equal to Uy (o) and strictly decreasing in [0*,5), and constant and equal to U(1),
for o € [a,1]. Furthermore, W(o*) > W (o) > U(1), for o € [1/2,0%).

Lemma 22 implicitly characterizes the optimal solution to the program-
ming problem HY. Given an arbitrary J, let n(J) € arg max g ,<; W(%).
(Remember that, by the symmetry in o of the programming problem H?,
W(%) = W(Z52). Hence, the constraint 4 < n < J is without loss of gen-
erality.) By Lemma 22, M € [7,1] only if % ¢ [1/2,6), for all 2 < n < J.
Evidently, if J is even or sufﬁmently high, =~ € [1/2,5). Let J* be the smallest
odd integer such that % € (1/2,5) for some n < J. Then:

Lemma 23 For J > J*, y(J) = Z?HULTJ))

8.3 Sunspot Equilibria

We construct a family of sunspot equilibrium allocations indexed by J. The
construction is basically identical to the one used in the proof of Proposition
20.

For J > J*, partition the interval [0, 1] in .J subintervals, I; = [j —1/.J,5/.J),
j=1,..,J. For each j and h, let h—l—(%) be an addition modulo 1. Then A7 is
defined as:



A7 (hy§) = yur (B2 if At (L) > (Z42), while A(h, §) = 0if Ai(4) < (Z1),

The allocation map A7 is feasible and A”(h) € y(J), for all h. Furthermore,
(3)2507 (AR, ) = W(*5).

Proposition 24 There exists a countable infinity of Pareto ranked sunspot
equilibria.

Proof: It suffices to show that there exists a sequence of integers Jj such
that W(%ﬁ)) is monotonically increasing and W(%) — W(o*). For J > J*,
let n7(J) € argmaxicac,.(§ —0%) and n*(J) = argmax,-<z.<5(5 — o).
Evidently, n=(J) =n*(J) — 1 and @ € arg maxy,c (- (J),nt (1)} W(5)-

If ¢* is an irrational number, set J, = k. If o* is a rational number, let
(n*, N*), n* < N*, be the pair of natural numbers satisfying a) ¢* = ]’\Lf—i, and
b) N +n > N* +n*, for each pair of natural numbers (n, N) # (n*, N*) such
that o* = &. If N* is even, consider a sequence Jj, = 2k + 1, and if it is odd
Jx = (2)F. In both cases, o* — @ # 0, for all k, and limg_, o0 (0™ — @) =0.
By using if necessary subsequences, we get the claim. n
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9 Appendix.

Proof of Lemma 7 The argument is based on some properties of Young mea-
sures [17]. A Young measure on R, X Y is a positive measure 7 such that for
any Borel set A C Ry, 7(A xY) = L(A), where L is the Lebesgue measure.
The narrow topology on the set of Young measures is defined by the duality of
these measures with the Caratheodory’s integrands; equivalently a sequence of
Young measures converges narrowly if and only if the inner product with any
Caratheodory’s integrand converges.

Let g : Ry — Y be ameasurable map. The unique Young measure associated
to g, v, is such that for any function U : R, xY — R measurable and > 0,
fR <y dy — fR ,(t))dt. Since in our case, Y is compact, U = ety

and U is continuous, the requirement U > 0 is without loss of generality. A
Young measure v can be represented by its disintegration, which is a family
(B¢)ter, of probabilities over Y such that for any function U:R.xY — R
measurable and non negative, [, Udv, = Jr, Uy Uty)B,(dy)ldt. If v s
associated to ¢, B; = dy), for 5y(t denoting the Dlrac mass at §(t). The set
of Young measures associated to functions is dense (in the narrow topology) in
the set of Young measures. Thus, if (U) has a solution §* = (7" (w,.))we0,1),
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the family of Young measures (v, ),e[0,1) associated to § and, equivalently, its

disintegration B* , B*(w, t) = 04+ (w,) is an optimal solution to:

U max / T / t))dw)dt
B(t)eMy, ([0,1),B) JRr, [0,1)

subject to
/(/ P(w, )y(Bw, t))dw)dt.
[0,1)

where M ([0,1), B) = {B(t) : @ — M, _(Y) : B(t) is {[0,1), B}—measurable}.

The argument is concluded by the next claim that creates an obvious paral-
lelism between the programming problems (U’)and (V).

An optimal solution to (U’), B* and to (V), §*, are equivalent if

(fﬂ | (w,t))dw = [ U( (B (w,))dw and §*(w,t) = y(B(w,t)), for L x L —
a.e.(w,t

Claim 25 Optimal solution to (U’) and to (V) are equivalent.

Proof This is a trivial consequence of the linearity (in contingent commodi-
ties) of p and the definition of V. .

Proof of Lemma 21 This is consequence of Jensen’s inequality. More
precisely, the utility function U is concave in [0,y.] and in [y.,00). For each
vy’ €y’ (J), let y'* = (y1,...,y,) be the vector of components of y/ contained
in the interval [0,v.] , i.e., y/* € [0,y.]”*. There is no loss of generality in
assuming that the entries of y/t are the first .J; entries of y’. Let Jy = J — Jj.
Evidently, by construction, y'2 = (y7, 11, ..-,45) € (y«,00)”2. Then:

Ul(y;))
Jo

(AU (yi /) + U (59—, 14 (y3/2)]-

Uly;)
Ji

50 (y;) = ik, + 22,

[ ]

Proof of Lemma 22 Given the shape of U, for o € [1/2,1), the optimal
solutions to (U7) is either i) the constant bundle 1 = (1,1) and/or ii) if § € (o)
and § # 1, then min{y;,y2} = 0 and 0§ + (1 — o) = 1.

There are just two candidates that satisfy i7). They are obtained by setting
equal to 0 either the first or the second entry of the consumption bundle. The
first candidate (o) has already been defined, the second, §jr,(0), is defined as
follows:

(o) = (%,0) and U (o) = aU(l)

Let ®(0) = Uy (o) — UL(o). For o € [0%,1) > yp > —, and hence:

’10

®(0) = (1= o)[(a =)y — 9] + 7 — a1l — oys).
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Then:

®(0") = (a0” = (1 = )7y«

(1) =7 —a(l —y.).
Since 0* > 1/2 and a > v, ®(c*) > 0. Furthermore, by U3, (1) > 0, Hence:
Ug (o) > Ug(o), for o €lo*,1),

For o € (1/2,0%], ﬁ > % > y, and, by direct computation:

P(0)=a(l+ (20 —1)y.) >0
Hence, Uy (o) > UL(0), for all o € [1/2,1). Furthermore:

Uy (o) —U(1) = aoyy, for o € [1/2,0%) }

{ (a=9)((1=0)yp — 1) + aoys, for o € [0%,1)

Therefore, by trivial computations, Uy (5) = U(1), W(o) = Ugn(o), for
o € [1/2,5), while W(o) = U(1), o € [7,1). Finally, by taking into account
assumption H2),

ays > 0, for o € [1/2,0%)

dW(o)/do = —(a—")yp+ay. <0, foro € (c*,5) . =
0, for o € [7,1)
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